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The paper is a complete study of paracontact metric manifolds for which the Reeb vector
ﬁeld of the underlying contact structure satisﬁes a nullity condition (the condition (1.2), for
some real numbers κ˜ and μ˜). This class of pseudo-Riemannian manifolds, which includes
para-Sasakian manifolds, was recently deﬁned in Cappelletti Montano (2010) [13]. In this
paper we show in fact that there is a kind of duality between those manifolds and contact
metric (κ,μ)-spaces. In particular, we prove that, under some natural assumption, any
such paracontact metric manifold admits a compatible contact metric (κ,μ)-structure
(eventually Sasakian). Moreover, we prove that the nullity condition is invariant under
D-homothetic deformations and determines the whole curvature tensor ﬁeld completely.
Finally non-trivial examples in any dimension are presented and the many differences with
the contact metric case, due to the non-positive deﬁniteness of the metric, are discussed.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A contact metric (κ,μ)-space is a contact Riemannian manifold (M,ϕ, ξ,η, g) such that the Reeb vector ﬁeld ξ belongs
to the so-called (κ,μ)-nullity distribution, i.e. the curvature tensor ﬁeld satisﬁes the condition
RXY ξ = κ
(
η(Y )X − η(X)Y )+ μ(η(Y )hX − η(X)hY ), (1.1)
for some real numbers κ and μ, where 2h denotes the Lie derivative of ϕ in the direction of ξ . This new class of Rieman-
nian manifolds was introduced in [5] as a natural generalization both of the Sasakian condition RXY ξ = η(Y )X − η(X)Y
and of those contact metric manifolds satisfying RXY ξ = 0 which were studied by D.E. Blair in [3]. Nowadays contact
(κ,μ)-manifolds are considered a very important topic in contact Riemannian geometry. In fact in despite of the techni-
cal appearance of the deﬁnition, there are good reasons for studying (κ,μ)-spaces. The ﬁrst is that, in the non-Sasakian
case (that is for κ = 1), the condition (1.1) determines the curvature tensor ﬁeld completely; next, (κ,μ)-spaces pro-
vide non-trivial examples of some remarkable classes of contact Riemannian manifolds, like CR-integrable contact metric
manifolds [23], H-contact manifolds [22], harmonic contact metric manifolds [24], or contact Riemannian manifolds with
η-parallel torsion tensor [17]; moreover, a local classiﬁcation is known [6].
Recently, in [13], an unexpected relationship between contact (κ,μ)-spaces and paracontact geometry was found. It was
proved (cf. Theorem 2.6 below) that any (non-Sasakian) contact (κ,μ)-space carries a canonical paracontact metric structure
(ϕ˜, ξ,η, g˜) whose Levi-Civita connection satisﬁes a condition formally similar to (1.1)
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(
η(Y )X − η(X)Y )+ μ˜(η(Y )h˜X − η(X)h˜Y ) (1.2)
where 2h˜ :=Lξ ϕ˜ and, in this case, κ˜ = (1− μ/2)2 + κ − 2, μ˜ = 2.
We recall that paracontact manifolds are smooth manifolds of dimension 2n + 1 endowed with a 1-form η, a vector
ﬁeld ξ and a ﬁeld of endomorphisms of tangent spaces ϕ˜ such that η(ξ) = 1, ϕ˜2 = I − η ⊗ ξ and ϕ˜ induces an almost
paracomplex structure on the codimension 1 distribution deﬁned by the kernel of η (see Section 2 for more details). If,
in addition, the manifold is endowed with a pseudo-Riemannian metric g˜ of signature (n,n + 1) satisfying
g˜(ϕ˜X, ϕ˜Y ) = −g˜(X, Y ) + η(X)η(Y ), dη(X, Y ) = g˜(X, ϕ˜Y ),
(M, η) becomes a contact manifold and (ϕ˜, ξ,η, g˜) is said to be a paracontact metric structure on M . The study of para-
contact geometry was initiated by Kaneyuki and Williams in [18] and then it was continued by many other authors. Very
recently a systematic study of paracontact metric manifolds, and some remarkable subclasses like para-Sasakian manifolds,
was carried out by Zamkovoy [25]. The importance of paracontact geometry, and in particular of para-Sasakian geometry,
has been pointed out especially in the last years by several papers highlighting the interplays with the theory of para-Kähler
manifolds and its role in pseudo-Riemannian geometry and mathematical physics (cf. e.g. [1,2,16,14,15]).
These considerations motivate us to study the class of paracontact metric manifolds satisfying the nullity condition (1.2),
for some constant real numbers κ˜ and μ˜. We call these pseudo-Riemannian manifolds paracontact (κ˜, μ˜)-manifolds. As we
will see the class of paracontact (κ˜, μ˜)-manifolds is very large. It contains para-Sasakian manifolds, as well as those para-
contact metric manifolds satisfying R˜ XY ξ = 0 for all X, Y ∈ Γ (TM) (recently studied in [26]). But, unlike in the contact
Riemannian case, a paracontact (κ˜, μ˜)-manifold such that κ˜ = −1 in general is not para-Sasakian. There are in fact paracon-
tact (κ˜, μ˜)-manifolds such that h˜2 = 0 (which is equivalent to take κ˜ = −1) but with h˜ = 0. Another important difference
with the contact Riemannian case, due to the non-positive deﬁniteness of the metric, is that while for contact metric
(κ,μ)-spaces the constant κ cannot be greater than 1, here we have no restrictions for the constants κ˜ and μ˜.
In Section 3 we study the common properties for the cases κ˜ < −1, κ˜ = −1, κ˜ > −1. We prove for instance that while
the values of κ˜ and μ˜ change, the form of (1.2) remains unchanged under D-homothetic deformations. Moreover we prove
that any paracontact (κ˜, μ˜)-manifold is integrable (in the sense of [25]), i.e. its canonical paracontact connection preserves ϕ˜ ,
and we ﬁnd some general properties of the curvature.
Since the geometric behavior of the manifold is very different according to the circumstance that κ˜ < −1 or κ˜ > −1,
we study separately the two cases. In particular, in both cases we prove that the (κ˜, μ˜)-nullity condition (1.2) determines
the whole curvature tensor ﬁeld completely. In fact we are able to ﬁnd an explicit formula for the curvature, depending
on the tensors ϕ˜ , h˜, ϕ˜h. It is interesting that the same formula holds both for the case κ˜ < −1 and κ˜ > −1. Then we
ﬁnd the values of κ˜ and μ˜ for which the pseudo-Riemannian metric in question is η-Einstein, i.e. Ric = aI + bη ⊗ ξ , for
some a,b ∈R and we prove that, unlike the contact metric case, if κ˜ < −1 there are Einstein paracontact (κ˜, μ˜)-metrics in
dimension greater than 3.
In both cases κ˜ < −1 and κ˜ > −1 the geometry of the paracontact metric manifold can be related to the theory of
Legendre foliations. Namely, if κ˜ > −1 then the operator h˜ is diagonalizable and the eigendistributions corresponding to
the constant eigenvalues ±λ˜, where λ˜ = √1+ κ˜ , deﬁne two mutually orthogonal and totally geodesic Legendre foliations.
Whereas, if κ˜ < −1, the role before played by h˜ is now played by the operator ϕ˜h˜. Such operator is diagonalizable with
the same eigenvalues as h˜. The main difference with the previous case is that, while the eigendistributions corresponding
to ±λ˜ (where now λ˜ = √−1− κ˜ ) still deﬁne two mutually orthogonal Legendre foliations, they are not totally geodesic but
they are totally umbilical. Then, by using the theory of Legendre foliations, we prove that under some natural assumptions,
a paracontact (κ˜, μ˜)-manifold carries a contact Riemannian structure compatible with the contact form η, which in turn
satisﬁes a (κ,μ)-nullity condition, for some constant real numbers κ and μ depending on κ˜ and μ˜. Therefore, in view of
such a result and [13, Theorem 4.7], it seems that there is a kind of duality between contact and paracontact structures
satisfying nullity conditions.
Furthermore, we ﬁnd non-trivial examples of paracontact (κ˜, μ˜)-manifolds. We construct examples of left-invariant para-
contact (κ˜, μ˜)-structures on Lie groups and, moreover, we show that the tangent sphere bundle of a Riemannian manifold
of constant sectional curvature c carries two canonical paracontact (κ˜i, μ˜i)-structures (ϕ˜i, ξ,η, g˜i), i ∈ {1,2} (the same η
and ξ , where ξ is twice the geodesic ﬂow), with
κ˜1 = (1+ c)2 − 1, μ˜1 = 2
(
1− |c − 1|),
κ˜2 = 4c − 1, μ˜2 = 2.
Hence, according to the value of c, we obtain examples of paracontact (κ˜, μ˜)-manifolds such that κ˜ < −1 and κ˜ > −1.
Also we prove that when the base manifold M is ﬂat than the second structure provides an example of paracontact (κ˜, μ˜)-
manifold such that κ˜ = −1 but which is not para-Sasakian. To the knowledge of the authors these are the ﬁrst paracontact
metric structures deﬁned on the tangent sphere bundle.
Many questions about paracontact (κ˜, μ˜)-manifolds remain open. Apart of the problem of ﬁnding other non-trivial exam-
ples, the case of strictly non-para-Sasakian paracontact (κ˜, μ˜)-manifolds with κ˜ = −1 is worthy to be studied. In particular
it should be important to ﬁnd suﬃcient conditions for such manifolds in order to be para-Sasakian. Other natural questions
are to provide a classiﬁcation of such manifolds, at least in the 3-dimensional case, and to study further the unexpected
interplays with contact Riemannian geometry which we have found in this paper.
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A differentiable manifold M of dimension 2n + 1 is said to be a contact manifold if it carries a global 1-form η such
that η ∧ (dη)n = 0. It is well known that then there exists a unique vector ﬁeld ξ (called the Reeb vector ﬁeld) such that
iξ η = 1 and iξdη = 0. The 2n-dimensional distribution transversal to the Reeb vector ﬁeld deﬁned by D := ker(η) is called
the contact distribution. Any contact manifold (M, η) admits a Riemannian metric g and a (1,1)-tensor ﬁeld ϕ such that
ϕ2 = −I + η ⊗ ξ, ϕξ = 0, η(X) = g(X, ξ), (2.1)
g(ϕX,ϕY ) = g(X, Y ) − η(X)η(Y ), g(X,ϕY ) = dη(X, Y ), (2.2)
for any vector ﬁelds X and Y on M . The contact manifold (M, η) together with the geometric structure (ϕ, ξ,η, g) is then
called contact metric manifold (or contact Riemannian manifold). Let h be the operator deﬁned by h = 12Lξϕ , where L denotes
Lie differentiation. The tensor ﬁeld h vanishes identically if and only if the vector ﬁeld ξ is Killing and in this case the
contact metric manifold is said to be K -contact. It is well known that h and ϕh are symmetric operators, and
ϕh + hϕ = 0, hξ = 0, η ◦ h = 0, trh = trϕh = 0,
where trh denotes the trace of h. Since h anti-commutes with ϕ , if X is an eigenvector of h corresponding to the
eigenvalue λ then ϕX is also an eigenvector of h corresponding to the eigenvalue −λ. Moreover, for any contact metric
manifold M , the following relation holds
∇Xξ = −ϕX − ϕhX (2.3)
where ∇ is the Levi-Civita connection of (M, g). If a contact metric manifold M is normal, in the sense that the tensor ﬁeld
Nϕ := [ϕ,ϕ] + 2dη ⊗ ξ vanishes identically, then M is called a Sasakian manifold. Equivalently, a contact metric manifold is
Sasakian if and only if RXY ξ = η(Y )X − η(X)Y . Any Sasakian manifold is K -contact and in dimension 3 the converse also
holds (cf. [4]).
As a natural generalization of the above Sasakian condition one can consider contact metric manifolds satisfying
RXY ξ = κ
(
η(Y )X − η(X)Y )+ μ(η(Y )hX − η(X)hY ) (2.4)
for some real numbers κ and μ. (2.4) is called (κ,μ)-nullity condition. This type of Riemannian manifolds was introduced
and deeply studied by Blair, Koufogiorgos and Papantoniou in [5] and a few years earlier by Koufogiorgos for the case
μ = 0 [19]. Among other things, they proved the following result.
Theorem 2.1. (See [5].) Let (M,ϕ, ξ,η, g) be a contact metric (κ,μ)-manifold. Then necessarily κ  1 and κ = 1 if and only if M
is Sasakian. Moreover, if κ < 1, the contact metric manifold M admits three mutually orthogonal and integrable distributions Dh(0),
Dh(λ) andDh(−λ) deﬁned by the eigenspaces of h, where λ =
√
1− κ .
The standard contact metric structure on the tangent sphere bundle T1M satisﬁes the (κ,μ)-nullity condition if and
only if the base manifold M has constant curvature c. In this case κ = c(2 − c) and μ = −2c [5]. Other examples can be
found in [6].
Now we recall the notion of almost paracontact manifold (cf. [18]). A (2n + 1)-dimensional smooth manifold M is said
to have an almost paracontact structure if it admits a (1,1)-tensor ﬁeld ϕ˜ , a vector ﬁeld ξ and a 1-form η satisfying the
following conditions:
(i) η(ξ) = 1, ϕ˜2 = I − η ⊗ ξ ,
(ii) the tensor ﬁeld ϕ˜ induces an almost paracomplex structure on each ﬁbre of D = ker(η), i.e. the ±1-eigendistributions
D± :=Dϕ˜ (±1) of ϕ˜ have equal dimension n.
From the deﬁnition it follows that ϕ˜ξ = 0, η ◦ ϕ˜ = 0 and the endomorphism ϕ˜ has rank 2n. When the tensor ﬁeld
Nϕ˜ := [ϕ˜, ϕ˜] − 2dη ⊗ ξ vanishes identically the almost paracontact manifold is said to be normal. If an almost paracontact
manifold admits a pseudo-Riemannian metric g˜ such that
g˜(ϕ˜X, ϕ˜Y ) = −g˜(X, Y ) + η(X)η(Y ), (2.5)
for all X, Y ∈ Γ (TM), then we say that (M, ϕ˜, ξ,η, g˜) is an almost paracontact metric manifold. Notice that any such
a pseudo-Riemannian metric is necessarily of signature (n,n + 1). For an almost paracontact metric manifold, there al-
ways exists an orthogonal basis {X1, . . . , Xn, Y1, . . . , Yn, ξ} such that g˜(Xi, X j) = δi j , g˜(Yi, Y j) = −δi j and Yi = ϕ˜Xi , for any
i, j ∈ {1, . . . ,n}. Such basis is called a ϕ˜-basis.
If in addition dη(X, Y ) = g˜(X, ϕ˜Y ) for all vector ﬁelds X , Y on M , (M, ϕ˜, ξ,η, g˜) is said to be a paracontact metric
manifold. In a paracontact metric manifold one deﬁnes a symmetric, trace-free operator h˜ := 12Lξ ϕ˜ . It is known [25] that h˜
anti-commutes with ϕ˜ and satisﬁes h˜ξ = 0 and
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where ∇˜ is the Levi-Civita connection of the pseudo-Riemannian manifold (M, g˜). Moreover h˜ ≡ 0 if and only if ξ is a Killing
vector ﬁeld and in this case (M, ϕ˜, ξ,η, g˜) is said to be a K -paracontact manifold. A normal paracontact metric manifold is
called a para-Sasakian manifold. Also in this context the para-Sasakian condition implies the K -paracontact condition and
the converse holds only in dimension 3. Moreover, in any para-Sasakian manifold
R˜ XY ξ = −
(
η(Y )X − η(X)Y ), (2.7)
holds, but unlike in contact metric geometry the condition (2.7) not necessarily implies that the manifold is para-Sasakian.
In [25] the author proved the following results, which will be used in next sections:
Theorem 2.2. (See [25].) On a paracontact metric manifold, the following identities hold:
(∇˜ϕ˜X ϕ˜)ϕ˜Y − (∇˜X ϕ˜)Y = 2g˜(X, Y )ξ − η(Y )
(
X − h˜X + η(X)ξ), (2.8)
R˜ξ Xξ + ϕ˜ R˜ξ ϕ˜Xξ = 2
(
ϕ˜2X − h˜2X), (2.9)
R˜(ξ, X, Y , Z) = −g˜(Y , (∇˜X ϕ˜)Z)+ g˜(X, (∇˜Y ϕ˜h˜)Z)− g˜(X, (∇˜Z ϕ˜h˜)Y ), (2.10)
R˜(ξ, X, Y , Z) + R˜(ξ, X, ϕ˜Y , ϕ˜ Z) − R˜(ξ, ϕ˜X, ϕ˜Y , Z) − R˜(ξ, ϕ˜X, Y , ϕ˜ Z)
= −2(∇˜h˜X Φ˜)(Y , Z) + 2η(Y )g˜(X − h˜X, Z) − 2η(Z)g˜(X − h˜X, Y ), (2.11)
where Φ˜ := g˜(·, ϕ˜·) is the fundamental 2-form of the paracontact metric structure.
Moreover, in any paracontact metric manifold Zamkovoy introduced a canonical connection which plays the same role in
paracontact geometry of the generalized Tanaka–Webster connection [23] in a contact metric manifold.
Theorem 2.3. (See [25].) On a paracontact metric manifold there exists a unique connection ∇˜ pc , called the canonical paracontact
connection, satisfying the following properties:
(i) ∇˜ pcη = 0, ∇˜ pcξ = 0, ∇˜ pc g˜ = 0,
(ii) (∇˜ pcX ϕ˜)Y = (∇˜X ϕ˜)Y + g˜(X − h˜X, Y )ξ − η(Y )(X − h˜X),
(iii) T˜ pc(ξ, ϕ˜Y ) = −ϕ˜ T˜ pc(ξ, Y ),
(iv) T˜ pc(X, Y ) = 2dη(X, Y )ξ onD = ker(η).
Moreover ∇˜ pc is given by
∇˜ pcX Y = ∇˜X Y + η(X)ϕ˜Y + η(Y )(ϕ˜X − ϕ˜h˜X) + g˜(X − h˜X, ϕ˜Y )ξ. (2.12)
An almost paracontact structure (ϕ˜, ξ,η) is said to be integrable if Nϕ˜ (X, Y ) ∈ Γ (Rξ) whenever X, Y ∈ Γ (D). For para-
contact metric structures, the integrability condition is equivalent to ∇˜ pcϕ˜ = 0 [25].
As pointed out in [8], paracontact geometry is strictly related to the theory of Legendre foliations. Recall that a Legendrian
distribution on contact manifold (M, η) is an n-dimensional subbundle L of the contact distribution such that dη(X, X ′) =
0 for all X, Y ∈ Γ (L). When L is integrable, we speak of Legendrian foliation. Legendre foliations have been extensively
investigated in recent years from various points of views. In particular Pang [21] provided a classiﬁcation of Legendrian
foliations using a bilinear symmetric form ΠF on the tangent bundle of the foliation F , deﬁned by
ΠF
(
X, X ′
)= −(LXLX ′η)(ξ) = 2dη([ξ, X], X ′). (2.13)
Then he called F ﬂat, degenerate, non-degenerate, positive (negative) deﬁnite according to the circumstance that ΠF van-
ishes identically, is degenerate, non-degenerate, positive (negative) deﬁnite, respectively. For a non-degenerate Legendre
foliation F , Libermann [20] deﬁned a linear map ΛF : TM −→ TF , whose kernel is TF ⊕Rξ , such that
ΠF (ΛF Z , X) = dη(Z , X) (2.14)
for any Z ∈ Γ (TM), X ∈ Γ (TF). The operator ΛF is surjective, satisﬁes (ΛF )2 = 0 and ΛF [ξ, X] = 12 X for all X ∈ Γ (TF).
Then we can extend ΠF to a symmetric bilinear form on all TM by putting
ΠF
(
Z , Z ′
) := {ΠF (Z , Z ′) if Z , Z ′ ∈ Γ (TF),
ΠF (ΛF Z ,ΛF Z ′), otherwise.
An (almost) bi-Legendrian manifold (cf. [8]) is by deﬁnition a contact manifold (M, η) endowed with two transversal Leg-
endrian distributions (foliations) L1 and L2, so that TM = L1 ⊕ L2 ⊕ Rξ . (L1, L2) is then called an (almost) bi-Legendrian
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Legendrian structure given the eigendistributions D+ and D− of ϕ˜ corresponding to the eingenvalues ±1. Conversely, every
almost bi-Legendrian manifold admits a compatible paracontact metric structure [8]. We notice also that the integrability
in the sense of paracontact geometry, i.e. ∇ pcϕ˜ = 0, is equivalent to the involutiveness of the Legendre distributions D±
(cf. [8, Corollary 3.3]).
Any almost bi-Legendrian manifold admits a canonical connection, called bi-Legendrian connection, which plays an impor-
tant role in the study of almost bi-Legendrian manifolds:
Theorem 2.4. (See [7].) Let (M, η, L1, L2) be an almost bi-Legendrian manifold. There exists a unique connection ∇bl such that
(i) ∇bl L1 ⊂ L1 , ∇bl L2 ⊂ L2 , ∇bl(Rξ) ⊂Rξ ,
(ii) ∇bldη = 0,
(iii) T bl(X, Y ) = 2dη(X, Y )ξ for all X ∈ Γ (L1), Y ∈ Γ (L2), T bl(X, ξ) = [ξ, XL1 ]L2 + [ξ, XL2 ]L1 for all X ∈ Γ (TM),
where XL1 and XL2 denote, respectively, the projections of X onto the subbundles L1 and L2 of T M, according to the decomposition
TM = L1 ⊕ L2 ⊕Rξ .
By using the properties of the bi-Legendrian connection one can point out the relationship between contact metric
(κ,μ)-spaces and the theory of Legendre foliations. Namely, we have the following characterization.
Theorem 2.5. (See [12].) Let (M,ϕ, ξ,η, g) be a contact metric manifold, which is not K -contact. Then (M,ϕ, ξ,η, g) is a contact
metric (κ,μ)-manifold if and only if it admits two mutually orthogonal Legendre distributions L and Q and a unique linear connec-
tion ∇¯ satisfying the following properties:
(i) ∇¯L ⊂ L, ∇¯Q ⊂ Q ,
(ii) ∇¯η = 0, ∇¯dη = 0, ∇¯g = 0, ∇¯ϕ = 0, ∇¯h = 0,
(iii) T¯ (X, Y ) = 2dη(X, Y )ξ for all X, Y ∈ Γ (D), T¯ (X, ξ) = [ξ, XL]Q + [ξ, XQ ]L for all X ∈ Γ (TM),
Furthermore ∇¯ is uniquely determined and coincide with the bi-Legendrian connection of (L, Q ), L and Q are integrable and coincide
with the eigenspacesDh(λ) andDh(−λ) of the operator h.
On the other hand contact (κ,μ)-manifolds are also related to paracontact geometry, as shown by the following result
which is one of the motivations for the present paper.
Theorem 2.6. (See [13].) Let (M,ϕ, ξ,η, g) be a non-Sasakian contact metric (κ,μ)-space. Then M admits a canonical paracontact
metric structure (ϕ˜, ξ,η, g˜) given by
ϕ˜ := 1√
1− κ h, g˜ :=
1√
1− κ dη(·,h·) + η ⊗ η. (2.15)
Furthermore the curvature tensor ﬁeld of the Levi-Civita connection of (M, g˜) satisﬁes a (κ˜, μ˜)-nullity condition
R˜ XY ξ = κ˜
(
η(Y )X − η(X)Y )+ μ˜(η(Y )h˜X − η(X)h˜Y ), (2.16)
where
κ˜ = κ − 2+
(
1− μ
2
)2
, μ˜ = 2.
3. Basic deﬁnitions and properties on paracontact (κ˜, μ˜)-manifolds
Theorem 2.6 motivates the following deﬁnition.
Deﬁnition 3.1. (See [13].) A paracontact metric (κ˜, μ˜)-manifold is a paracontact metric manifold for which the curvature
tensor ﬁeld satisﬁes
R˜ XY ξ = κ˜
(
η(Y )X − η(X)Y )+ μ˜(η(Y )h˜X − η(X)h˜Y ) (3.1)
for all vector ﬁelds X , Y on M and for some real constants κ˜ and μ˜.
In this section, we discuss some basic properties of paracontact metric manifolds satisfying the condition (3.1). We start
with the following preliminary properties.
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h˜2 = (1+ κ˜)ϕ˜2, (3.2)
Q˜ ξ = 2nκ˜ξ, (3.3)
(∇˜X ϕ˜)Y = −g˜(X − h˜X, Y )ξ + η(Y )(X − h˜X), for κ˜ = −1, (3.4)
(∇˜X h˜)Y − (∇˜Y h˜)X = −(1+ κ˜)
(
2g˜(X, ϕ˜Y )ξ + η(X)ϕ˜Y − η(Y )ϕ˜X)+ (1− μ˜)(η(X)ϕ˜h˜Y − η(Y )ϕ˜h˜X), (3.5)
∇˜ξ h˜ = μ˜h˜ ◦ ϕ˜, ∇˜ξ ϕ˜h˜ = −μ˜h˜, (3.6)
for any vector ﬁelds X, Y on M, where Q˜ denotes the Ricci operator of (M, g˜).
Proof. (3.2) was proved in [13]. Next, let {ei, ϕ˜ei, ξ}, i ∈ {1, . . . ,n}, be a ϕ˜-basis of M . Then the deﬁnition of the Ricci
operator directly gives (3.3). For (3.4), notice that using (3.1) one can easily show that
R˜ξ X Y = κ˜
(
g˜(X, Y )ξ − η(Y )X)+ μ˜(g˜(h˜X, Y )ξ − η(Y )h˜X). (3.7)
By virtue of (3.7), Eq. (2.11) reduces to
(∇˜h˜X ϕ˜)Y = κ˜
(
g˜(X, Y )ξ − η(Y )X)− η(Y )(X − h˜X) + g˜(X − h˜X, Y )ξ.
By replacing X by h˜X in that equation and using (3.2), we get
(1+ κ˜)((∇˜X ϕ˜)Y + g˜(X − h˜X, Y )ξ − η(Y )(X − h˜X))= 0.
Hence (3.4) holds. Next, using (3.4) and the symmetry of h˜, we obtain
(∇˜Z ϕ˜h˜)Y − (∇˜Y ϕ˜h˜)Z = ϕ˜
(
(∇˜Z h˜)Y − (∇˜Y h˜)Z
)
(3.8)
for all Y , Z ∈ Γ (TM). Substituting (3.8) in (2.10), we get
R˜Y Z ξ = −η(Z)(Y − h˜Y ) + η(Y )(Z − h˜ Z) + ϕ˜
(
(∇˜Y h˜)Z − (∇˜Z h˜)Y
)
.
Comparing this equation with (3.1), we obtain
ϕ˜
(
(∇˜Y h˜)Z − (∇˜Z h˜)Y
)= (κ˜ + 1)(η(Z)Y − η(Y )Z)+ (μ˜ − 1)(η(Z)h˜Y − η(Y )h˜ Z). (3.9)
Using (2.6) and the symmetry of h˜ and ∇˜Z h˜, by a direct computation we have
g˜
(
(∇˜Z h˜)Y − (∇˜Y h˜)Z , ξ
)= 2(1+ κ˜)g˜(ϕ˜ Z , Y ). (3.10)
By applying now ϕ˜ to (3.9) and using (3.10), we obtain (3.5). Finally, (3.6) follows from (3.5) by using the properties of h˜. 
By (3.4) we get the following corollary
Corollary 3.3. Any paracontact (κ˜, μ˜)-manifold such that κ˜ = −1 is integrable.
In particular from Corollary 3.3 it follows that in any paracontact (κ˜, μ˜)-manifold such that κ˜ = −1 the canonical Leg-
endre distributions D+ and D− are integrable and so deﬁne two Legendre foliations on M .
Remarkable subclasses of paracontact (κ˜, μ˜)-manifolds are given, in view of (2.7), by para-Sasakian manifolds, and by
those paracontact metric manifolds such that R˜ XY ξ = 0 for all vector ﬁelds X, Y on M . For this last case it was proved [26]
that in dimension greater than 3 the paracontact metric manifold (M2n+1, ϕ˜, ξ,η, g˜) is locally isometric to a product of
a ﬂat (n + 1)-dimensional manifold and an n-dimensional manifold of negative constant curvature −4. Notice that, because
of (3.2), a paracontact (κ˜, μ˜)-manifold such that κ˜ = −1 satisﬁes h˜2 = 0. Unlike the contact metric case, since the metric g˜
is pseudo-Riemannian we cannot conclude that h˜ vanishes and so the manifold is para-Sasakian. Let us see an explicit
counterexample.
The canonical example of paracontact (κ˜, μ˜)-manifold is given by the tangent sphere bundle T1M of a Riemannian
manifold (M, g) of constant sectional curvature c. The paracontact metric structure is deﬁned in the following way. Let us
consider the standard contact metric structure (ϕ, ξ,η, g) of T1M , which is in fact a (c(2 − c),−2c)-structure (cf. [4]). Let
us deﬁne
ϕ˜1 := 1|1− c|ϕh, g˜1 :=
1
|1− c|dη(·,ϕh·) + η ⊗ η, (3.11)
ϕ˜2 := 1 h, g˜2 := 1 dη(·,h·) + η ⊗ η. (3.12)|1− c| |1− c|
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Theorem 5.9 of [11] we have that (ϕ˜1, η, ξ, g˜1) is a paracontact (κ˜1, μ˜1)-structure and (ϕ˜2, η, ξ, g˜2) a paracontact (κ˜2, μ˜2)-
structure, where
κ˜1 = (1+ c)2 − 1, μ˜1 = 2
(
1− |c − 1|),
κ˜2 = 4c − 1, μ˜2 = 2.
Hence we can state the following theorem.
Theorem 3.4. The tangent sphere bundle of a Riemannian manifold of constant curvature c = 1 is canonically endowed, via (3.11)–
(3.12), with a paracontact ((1+ c)2 − 1,2(1− |c − 1|))-structure and with a paracontact (4c − 1,2)-structure.
Consequently, if the base manifold is ﬂat, (ϕ˜2, ξ,η, g˜2) is a paracontact (−1,2)-structure on T1M such that h˜22 = 0, but
which is not para-Sasakian because h˜2 does not vanish. Indeed, according to (3.12) and [13, Lemma 4.5], one has that
h˜2 = 12Lξh = ϕh + ϕ .
Given a paracontact metric structure (ϕ˜, ξ,η, g˜) and α > 0, the change of structure tensors
η¯ = αη, ξ¯ = 1
α
ξ, ϕ¯ = ϕ˜, g¯ = α g˜ + α(α − 1)η ⊗ η (3.13)
is called a Dα-homothetic deformation. One can easily check that the new structure (ϕ¯, ξ¯ , η¯, g¯) is still a paracontact metric
structure [25]. We now show that while Dα-homothetic deformations destroy conditions like R˜ XY ξ = 0, they preserve the
class of paracontact (κ˜, μ˜)-spaces.
Proposition 3.5. Let (ϕ¯, ξ¯ , η¯, g¯) be a paracontact metric structure obtained from (ϕ˜, ξ˜ , η˜, g˜) by aDα-homothetic deformation. Then
we have the following relationship between the Levi-Civita connections ∇¯ and ∇˜ of g¯ and g˜, respectively,
∇¯X Y = ∇˜X Y + α − 1
α
g˜(ϕ˜h˜X, Y )ξ − (α − 1)(η(Y )ϕ˜X + η(X)ϕ˜Y ). (3.14)
Furthermore,
h¯ = 1
α
h˜. (3.15)
Proof. Using (3.13) and the Koszul formula we obtain, for any X, Y , Z ∈ Γ (TM),
g¯(∇¯X Y , Z) = α g˜(∇˜X Y , Z) + α(α − 1)η(∇˜X Y )η(Z) + η(Z)g˜(ϕ˜h˜X, Y ) − η(Y )g˜(ϕ˜X, Z) − η(X)g˜(ϕ˜Y , Z). (3.16)
Moreover we have
g¯(∇¯X Y , Z) = α g˜(∇¯X Y , Z) + α(α − 1)η(∇¯X Y )η(Z) (3.17)
and
η(∇¯X Y ) = 1
α2
g¯(∇¯X Y , ξ). (3.18)
Setting Z = ξ in (3.16) we get
g¯(∇¯X Y , ξ) = α2η(∇˜X Y ) + α(α − 1)g˜(ϕ˜h˜X, Y ). (3.19)
Then (3.14) easily follows from (3.16)–(3.19). Finally, by using (3.14) and the deﬁnition of h˜ we get (3.15). 
After a long but straightforward calculation one can prove the following proposition.
Proposition 3.6. Under the same assumptions of Proposition 3.5, the curvature tensor ﬁelds R¯ and R˜ are related by
α R¯ XY ξ¯ = R˜ XY ξ − (α − 1)
(
(∇˜X ϕ˜)Y − (∇˜Y ϕ˜)X + η(Y )(X − h˜X) − η(X)(Y − h˜Y )
)
− (α − 1)2(η(Y )X − η(X)Y ). (3.20)
In particular, if (M, ϕ˜, ξ,η, g˜) is a paracontact (κ˜, μ˜)-manifold, then (ϕ¯, ξ¯ , η¯, g¯) is a paracontact (κ¯, μ¯)-structure, where
κ¯ = κ˜ + 1− α
2
α2
, μ¯ = μ˜ + 2α − 2
α
. (3.21)
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preliminary result.
Theorem 3.7. Let (M2n+1, ϕ˜, ξ,η, g˜) be an integrable paracontact metric manifold. Then the following identity holds
Q˜ ϕ˜ − ϕ˜ Q˜ = l˜ϕ˜ − ϕ˜l˜ − 4(n − 1)ϕ˜h˜ − η ⊗ ϕ˜ Q˜ + (η ◦ Q˜ ϕ˜) ⊗ ξ, (3.22)
where l˜ denotes the Jacobi operator, deﬁned by l˜X = R˜ Xξ ξ .
Proof. Differentiating ∇˜Y ξ = −ϕ˜Y + ϕ˜h˜Y , we get
R˜ XY ξ = −(∇˜X ϕ˜)Y + (∇˜Y ϕ˜)X + (∇˜X ϕ˜h˜)Y − (∇˜Y ϕ˜h˜)X . (3.23)
Using the integrability condition ∇˜ pcϕ˜ = 0, the properties of h˜ and (3.23) we have
R˜ XY ξ = −η(Y )(X − h˜X) + η(X)(Y − h˜Y ) + ϕ˜
(
(∇˜X h˜)Y − (∇˜Y h˜)X
)
. (3.24)
Since h˜ is a symmetric operator we easily get
g˜
(
(∇˜X h˜)Y − (∇˜Y h˜)X, ξ
)= g˜(((∇˜X h˜) − (∇˜Y h˜))ξ, Y − X). (3.25)
Using the formulas (2.6), h˜ξ = 0 and ϕ˜h˜ + h˜ϕ˜ = 0 in (3.25) we ﬁnd
g˜
(
(∇˜X h˜)Y − (∇˜Y h˜)X, ξ
)= 2g˜(ϕ˜h˜2X, Y ). (3.26)
Applying ϕ˜ to (3.24) and using ϕ˜2 = I − η ⊗ ξ and (3.26) we obtain
(∇˜X h˜)Y − (∇˜Y h˜)X = ϕ˜ R˜ XY ξ + 2g˜
(
ϕ˜h˜2X, Y
)− η(X)ϕ˜(Y − h˜Y ) + η(Y )ϕ˜(X − h˜X). (3.27)
Now we suppose that P is a ﬁxed point of M and X , Y , Z are vector ﬁelds such that (∇˜X)P = (∇˜Y )P = (∇˜ Z)P = 0. The
Ricci identity for ϕ˜
R˜ XY ϕ˜ Z − ϕ˜ R˜ XY Z = (∇˜X ∇˜Y ϕ˜)Z − (∇˜Y ∇˜X ϕ˜)Z − (∇˜[X,Y ]ϕ˜)Z ,
at the point P , reduces to the form
R˜ XY ϕ˜ Z − ϕ˜ R˜ XY Z = ∇˜X (∇˜Y ϕ˜)Z − ∇˜Y (∇˜X ϕ˜)Z . (3.28)
By virtue of the integrability condition we have, at P ,
R˜ XY ϕ˜ Z − ϕ˜ R˜ XY Z = ∇˜X (∇˜Y ϕ˜)Z − ∇˜Y (∇˜X ϕ˜)Z
= g˜((∇˜X h˜)Y − (∇˜Y h˜)X, Z)ξ − η(Z)((∇˜X h˜)Y − (∇˜Y h˜)X)
+ g˜(Y − h˜Y , Z)ϕ˜(X − h˜X) − g˜(X − h˜X, Z)ϕ˜(Y − h˜Y )
− g˜(ϕ˜(X − h˜X), Z)(Y − h˜Y ) + g˜(ϕ˜(Y − h˜Y ), Z)(X − h˜X). (3.29)
Using (3.27) in (3.29) we ﬁnd
R˜ XY ϕ˜ Z − ϕ˜ R˜ XY Z =
(
g˜
(
ϕ˜ R˜ XY ξ − η(X)ϕ˜(Y − h˜Y ) + η(Y )ϕ˜(X − h˜X), Z
))
ξ
− η(Z)(ϕ˜ R˜ XY ξ − η(X)ϕ˜(Y − h˜Y ) + η(Y )ϕ˜(X − h˜X))
+ g˜(Y − h˜Y , Z)ϕ˜(X − h˜X) − g˜(X − h˜X, Z)ϕ˜(Y − h˜Y )
− g˜(ϕ˜(X − h˜X), Z)(Y − h˜Y ) + g˜(ϕ˜(Y − h˜Y ), Z)(X − h˜X). (3.30)
Using (2.5) and the curvature tensor properties we get
g˜(ϕ˜ R˜ϕ˜Xϕ˜Y Z , ϕ˜W ) = −g˜(R˜ ZW ϕ˜X, ϕ˜Y ) + η(R˜ϕ˜Xϕ˜Y Z)η(W ).
Then by (2.5) and (3.30) we get by a straightforward calculation
g˜(ϕ˜ R˜ϕ˜Xϕ˜Y Z , ϕ˜W ) = g˜(R˜ XY Z ,W ) + η(W )η(R˜ϕ˜Xϕ˜Y Z)
+ η(Y )(−η(R˜ ZW X) − η(Z)g˜(W − h˜W , X) + η(W )g˜(Z − h˜ Z , X))
− η(X)(−η(R˜ ZW Y ) − η(Z)g˜(W − h˜W , Y ) + η(W )g˜(Z − h˜ Z , Y ))
+ g˜(W − h˜W , X)g˜(Z − h˜ Z , Y ) − g˜(Z − h˜ Z , X)g˜(W − h˜W , Y )
+ g˜(ϕ˜(Z − h˜ Z), X)g˜(W − h˜W , ϕ˜Y ) − g˜(W − h˜W , ϕ˜X)g˜(ϕ˜(Z − h˜ Z), Y ). (3.31)
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g˜(R˜ϕ˜Xϕ˜Y ϕ˜ Z − ϕ˜ R˜ϕ˜Xϕ˜Y Z , ϕ˜W ) = g˜
(
ϕ˜(X + h˜X), Z)g˜(ϕ˜(Y + h˜Y ),W )
− g˜(ϕ˜(Y + h˜Y ), Z)g˜(ϕ˜(X + h˜X),W )− η(Y )η(W )g˜(X + h˜X, Z)
+ g˜(X − η(X)ξ + h˜X, Z)g˜(Y + h˜Y ,W ) + η(X)η(W )g˜(Y + h˜Y , Z)
− g˜(Y − η(Y )ξ + h˜Y , Z)g˜(X + h˜X,W ) + η(Z)g˜(R˜ϕ˜Xϕ˜Y ξ,W ). (3.32)
Comparing (3.31) to (3.32) we get by direct computation
g˜(R˜ϕ˜Xϕ˜Y ϕ˜ Z , ϕ˜W ) = g˜(R˜ XY Z ,W ) + η(W )η(R˜ϕ˜Xϕ˜Y Z) − η(Z)η(R˜ϕ˜Xϕ˜Y W )
+ η(Y )(−η(R˜ ZW X) + 2η(Z)g˜(h˜X,W ) − 2η(W )g˜(h˜ Z , X))
− η(X)(−η(R˜ ZW Y ) + 2η(Z)g˜(h˜Y ,W ) − 2η(W )g˜(h˜ Z , Y ))
− 2g˜(W , X)g˜(h˜ Z , Y ) − 2g˜(Z , Y )g˜(h˜W , X)
+ 2g˜(W , Y )g˜(h˜ Z , X) + 2g˜(Z , X)g˜(h˜W , Y ). (3.33)
Let {ei, ϕ˜ei, ξ}, i ∈ {1, . . . ,n}, be a local ϕ˜-basis. Setting Y = Z = ei in (3.33), we have
n∑
i=1
g˜(R˜ϕ˜Xϕ˜ei ϕ˜ei, ϕ˜W ) =
n∑
i=1
(
g˜(R˜ Xei ei,W ) + η(W )η(R˜ϕ˜Xϕ˜ei ei) + η(X)η(R˜eiW ei)
+ 2η(X)η(W )g˜(h˜ei, ei) − 2g˜(W , X)g˜(h˜ei, ei) − 2g˜(ei, ei)g˜(h˜W , X)
+ 2g˜(W , ei)g˜(h˜ei, X) + 2g˜(ei, X)g˜(h˜W , ei)
)
. (3.34)
On the other hand, putting Y = Z = ϕ˜ei in (3.33), we get
n∑
i=1
g˜(R˜ϕ˜Xei ei, ϕ˜W ) =
n∑
i=1
(
g˜(R˜ Xϕ˜ei ϕ˜ei,W ) + η(W )η(R˜ϕ˜Xei ϕ˜ei) + η(X)η(R˜ϕ˜eiW ϕ˜ei)
+ 2η(X)η(W )g˜(h˜ϕ˜ei, ϕ˜ei) − 2g˜(W , X)g˜(h˜ϕ˜ei, ϕ˜ei) − 2g˜(ϕ˜ei, ϕ˜ei)g˜(h˜W , X)
+ 2g˜(W , ϕ˜ei)g˜(h˜ϕ˜ei, X) + 2g˜(ϕ˜ei, X)g˜(h˜W , ϕ˜ei)
)
. (3.35)
Using the deﬁnition of the Ricci operator, (3.34) and (3.35) it is not hard to prove that
−ϕ˜ Q˜ ϕ˜X + ϕ˜l˜ϕ˜X + Q˜ X = l˜ X +
n∑
i=1
(
η(R˜ϕ˜Xei ϕ˜ei) − η(R˜ϕ˜Xϕ˜ei ei)
)
ξ + η(X)Q˜ ξ + 4(n − 1)h˜X . (3.36)
Finally, applying ϕ˜ to (3.36) and using ϕ˜2 = I − η ⊗ ξ , we obtain the assertion. 
Corollary 3.8. Let (M2n+1, ϕ˜, ξ,η, g˜) be a paracontact (κ˜, μ˜)-manifold. Then
Q˜ ϕ˜ − ϕ˜ Q˜ = 2(2(n − 1) + μ˜)h˜ϕ˜. (3.37)
Proof. Using (2.16) and ϕ˜h˜+ h˜ϕ˜ = 0 we get l˜ϕ˜ − ϕ˜l˜ = 2μ˜h˜ϕ˜ . On the other hand, by virtue of (3.3) one can easily prove that
both η ⊗ ϕ˜ Q˜ and (η ◦ Q˜ ϕ˜) ⊗ ξ vanish. Thus (3.37) follows from (3.22). 
Recall that [11] an almost bi-paracontact structure on a contact manifold (M, η) is a triplet (φ1, φ2, φ3) where φ3 is an al-
most contact structure compatible with the contact form η, and φ1, φ2 are two anti-commuting tensors on M such that
φ21 = φ22 = I − η ⊗ ξ and φ1φ2 = φ3. From the deﬁnition it easily follows that φ1φ3 = −φ3φ1 = φ2 and φ3φ2 = −φ2φ3 = φ1.
Any almost bi-paracontact manifold is then endowed with four distributions, D±1 , D±2 , given by the eigendistributions corre-
sponding to the eigenvalues ±1 of φ1 and φ2, respectively. One proves that, for each α ∈ {1,2}, D+α and D−α are transversal
n-dimensional subbundles of the contact distribution. In particular it follows that φ1 and φ2 are almost paracontact struc-
tures.
Now we prove that any paracontact (κ˜, μ˜)-manifold with κ˜ = −1 is canonically endowed with an almost bi-paracontact
structure.
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(φ1, φ2, φ3) given by
φ1 := ϕ˜, φ2 := 1√
1+ κ˜ h˜, φ3 :=
1√
1+ κ˜ ϕ˜h˜ (3.38)
in the case κ˜ > −1, and
φ1 := ϕ˜, φ2 := 1√−1− κ˜ ϕ˜h˜, φ3 :=
1√−1− κ˜ h˜ (3.39)
in the case κ˜ < −1.
Proof. The proof follows by direct computations, using (3.2) and the property ϕ˜h˜ = −h˜ϕ˜ . 
Corollary 3.10. Let (M, ϕ˜, ξ,η, g˜) be a paracontact (κ˜, μ˜)-manifold such that κ˜ = −1. Then the operator h˜ in the case κ˜ > −1 and
the operator ϕ˜h˜ in the case κ˜ < −1 are diagonalizable and admit three eigenvalues: 0, associated to the eigenvector ξ , λ˜ and −λ˜, of
multiplicity n, where λ˜ :=√|1+ κ˜ |. The corresponding eigendistributions Dh˜(0) = Rξ , Dh˜(λ˜), Dh˜(−λ˜) and Dϕ˜h˜(0) = Rξ , Dϕ˜h˜(λ˜),
Dϕ˜h˜(−λ˜) are mutually orthogonal and one has ϕ˜Dh˜(±λ˜) =Dh˜(∓λ˜) and ϕ˜Dϕ˜h˜(±λ˜) =Dϕ˜h˜(∓λ˜). Furthermore,
Dh˜(±λ˜) =
{
X ± 1√
1+ κ˜ h˜X
∣∣∣ X ∈ Γ (D∓)} (3.40)
in the case κ˜ > −1, and
D
ϕ˜h˜(±λ˜) =
{
X ± 1√−1− κ˜ ϕ˜h˜X
∣∣∣ X ∈ Γ (D∓)} (3.41)
in the case κ˜ < −1, where D+ and D− denote the eigendistributions of ϕ˜ corresponding to the eigenvalues 1 and −1, respectively.
Finally any two among the four distributionsD+ ,D− ,Dh˜(λ˜),Dh˜(−λ˜) in the case κ˜ > −1 orD+ ,D− ,Dϕ˜h˜(λ˜),Dϕ˜h˜(−λ˜) in the case
κ˜ < −1 are mutually transversal.
Proof. The ﬁrst part of the statement follows from Proposition 3.9, since h˜ = λ˜φ2 and Dh˜(±λ˜) =D±2 . We prove that Dh˜(λ˜)
and Dh˜(−λ˜) are mutually orthogonal. Indeed, for any X ∈ Γ (Dh˜(λ˜)) and Y ∈ Γ (Dh˜(−λ˜)) we have λ˜g˜(X, Y ) = g˜(h˜X, Y ) =
g˜(X, h˜Y ) = −λ˜g˜(X, Y ), from which, since λ˜ = 0, we get g˜(X, Y ) = 0. Moreover, as ϕ˜h˜ = −h˜ϕ˜ one has that if h˜X = λ˜X then
h˜ϕ˜X = −λ˜ϕ˜X , so that ϕ˜Dh˜(±λ˜) =Dh˜(∓λ˜). The case κ˜ < −1 can be proved in a similar manner. Finally, (3.40) and (3.41)
follow from [11, Proposition 3.3] and the last part is a direct consequence of [11, Proposition 3.2]. 
Thus paracontact (κ˜, μ˜)-manifolds can be divided into three main classes, according to the circumstance that κ˜ is less,
equal or greater than −1. According to (3.21), one can see that these three classes are preserved by D-homothetic deforma-
tions. Notice that the canonical paracontact metric structure (ϕ˜1, ξ,η, g˜1) on the tangent sphere bundle T1M of a manifold
of constant curvature c (cf. Theorem 3.4) always satisﬁes κ˜1 > −1. Whereas for the other one, (ϕ˜2, ξ,η, g˜2), we have that κ˜2
is less, equal or greater than −1 if and only if, respectively, c is less, equal or greater than 0. Thus T1M provides examples
for all the above three classes of paracontact (κ˜, μ˜)-manifolds.
In the sequel, unless otherwise stated, we will always assume the index of Dh˜(±λ) (in the case κ˜ > −1) and of Dϕ˜h˜(±λ)
(in the case κ˜ < −1) to be constant.
Being h˜ (in the case κ˜ > −1) or ϕ˜h˜ (in the case κ˜ < −1) diagonalizable, one can easily prove the following lemma.
Lemma 3.11. Let (M, ϕ˜, ξ,η, g˜) be a paracontact metric (κ˜, μ˜)-manifold such that κ˜ = −1. If κ˜ > −1 (respectively, κ˜ < −1), then
there exists a local orthogonal ϕ˜-basis {X1, . . . , Xn, Y1, . . . , Yn, ξ} of eigenvectors of h˜ (respectively, ϕ˜h˜) such that X1, . . . , Xn ∈
Γ (Dh˜(λ˜)) (respectively, Γ (Dϕ˜h˜(λ˜))), Y1, . . . , Yn ∈ Γ (Dh˜(−λ˜)) (respectively, Γ (Dϕ˜h˜(−λ˜))), and
g˜(Xi, Xi) = −g˜(Yi, Yi) =
{
1, for 1 i  r,
−1, for r + 1 i  r + s (3.42)
where r = index(Dh˜(−λ˜)) (respectively, r = index(Dϕ˜h˜(−λ˜))) and s = n − r = index(Dh˜(λ˜)) (respectively, s = index(Dϕ˜h˜(λ˜))).
As pointed out in [8], there is a strict relationship between paracontact metric geometry and the theory of Legendre foli-
ations. Thus it is interesting to investigate on the properties of the bi-Legendrian structure (D+,D−) canonically associated
to a paracontact (κ˜, μ˜)-manifold. In the next proposition we prove that it is non-degenerate and we ﬁnd necessary and
suﬃcient conditions for being positive or negative deﬁnite.
B. Cappelletti Montano et al. / Differential Geometry and its Applications 30 (2012) 665–693 675Proposition 3.12. Let (M, ϕ˜, ξ,η, g˜) be a paracontact metric (κ˜, μ˜)-manifold such that κ˜ = −1. Then the canonical Legendre fo-
liations D+ and D− given by the ±1-eigendistributions of ϕ˜ are both non-degenerate. They are positive deﬁnite if and only if,
respectively, index(Dh˜(λ˜)) = 0 in the case κ˜ > −1 and index(Dϕ˜h˜(λ˜)) = n in the case κ˜ < −1, and negative deﬁnite if and only
if index(Dh˜(λ˜)) = n in the case κ˜ > −1 and index(Dϕ˜h˜(λ˜)) = 0 in the case κ˜ < −1.
Proof. We consider the case κ˜ > −1, the proof for the case κ˜ < −1 being analogous. First notice that the Pang invariants
associated to the Legendre foliations D+ and D− are given by
ΠD+
(
X, X ′
)= 2g˜(h˜X, X ′), ΠD−(Y , Y ′)= 2g˜(h˜Y , Y ′). (3.43)
Indeed, for any X ∈ Γ (D+) and for any Y ∈ Γ (D−) one has h˜X = [ξ, X]D− and h˜Y = −[ξ, Y ]D+ (see [8, Corollary 3.2]). Then
we have that, for any X, X ′ ∈ Γ (D+), ΠD+ (X, X ′) = 2dη([ξ, X], X ′) = 2g˜([ξ, X], ϕ˜X ′) = 2g˜([ξ, X], X ′) = 2g˜([ξ, X]−, X ′) =
2g˜(h˜X, X ′). Analogously one proves the other equality. Now let {Xi, Yi = ϕ˜Xi, ξ}, i ∈ {1, . . . ,n}, be a ϕ˜-basis of eigenvectors
of h˜ as in Lemma 3.11. Notice that
D± = {X ± ϕ˜X ∣∣ X ∈ Γ (Dh˜(±λ˜))}. (3.44)
This follows from [11, Proposition 3.3] applied to the canonical almost bi-paracontact structure attached to (M, ϕ˜, ξ, η, g˜).
Then by (3.43), since h˜D+ ⊂D− , we have that if ΠD+ (X, X ′) = 0 for all X, X ′ ∈ Γ (D+) necessarily h˜X = 0. Hence h˜2X = 0
and, by (3.2), this implies that X = 0. Therefore D+ is non-degenerate. A similar proof works also for D− . Next, by (3.44),
in order to check whether D+ is positive or negative deﬁnite it suﬃces to evaluate ΠD+ on the vector ﬁelds of the form
Xi + ϕ˜Xi = Xi + Yi . Using (3.43) we have, for each i ∈ {1, . . . ,n},
ΠD+(Xi + Yi, Xi + Yi) = 2g˜(h˜Xi + h˜Yi, Xi + Yi) = 2g˜(λ˜Xi, Xi) − 2g˜(λ˜Yi, Yi) = ±4λ˜,
where the sign ± depends on the fact that index(Dh˜(λ˜)) = 0 or index(Dh˜(λ˜)) = n, respectively. On the other hand as before,
by (3.44) it is suﬃcient to evaluate ΠD− on the vector ﬁelds of the form Yi − ϕ˜Yi = Yi − Xi . Then
ΠD−(Yi − Yi, Yi − Xi) = 2g˜(h˜Yi − h˜Xi, Yi − Xi) = −2g˜(λ˜Yi, Yi) + 2g˜(λ˜Xi, Xi) = ±4λ˜,
according to the circumstance that index(Dh˜(λ˜)) = 0 or index(Dh˜(λ˜)) = n, respectively. Conversely, if ΠD− is positive def-
inite then there exists a local basis of D− , say {Z1, . . . , Zn}, such that ΠD− (Zi, Z j) = δi j . Then, taking (3.40) into account,
we put Xi :=
√
λ˜(Zi + 1
λ˜
h˜ Zi), for each i ∈ {1, . . . ,n}. Then {X1, . . . , Xn} is a local basis of Dh˜(λ˜) such that
g˜(Xi, X j) = λ˜
(
g˜(Zi, Z j) + 1
λ˜2
g˜(h˜ Zi, h˜ Z j) + 2
λ˜
g˜(h˜ Zi, Z j)
)
= ΠD−(Zi, Z j) = δi j,
since g˜(X, X ′) = 0 for all X, X ′ ∈ Γ (D+). Thus index(Dh˜(λ˜)) = 0. The other case is analogous. 
Remark 3.13. Notice that in the course of the proof of Proposition 3.12 we have proved in fact more than what we
have stated. Namely, we have proved that ΠD+ and ΠD− have the same signature, which is given by (index(Dh˜(λ˜)),
index(Dh˜(−λ˜))) in the case κ˜ > −1 and by (index(Dϕ˜h˜(λ˜)), index(Dϕ˜h˜(−λ˜))) if κ˜ < −1
Proposition 3.12 motivates the following deﬁnition.
Deﬁnition 3.14. A paracontact (κ˜, μ˜)-manifold (M, ϕ˜, ξ,η, g˜) such that κ˜ = −1 will be called positive deﬁnite or negative
deﬁnite according to the circumstance that the bi-Legendrian structure (D+,D−) canonically associated to M is positive or
negative deﬁnite, respectively.
Positive and negative deﬁnite paracontact (κ˜, μ˜)-structures will play an important role in Sections 4 and 5. We conclude
the section with an example of negative deﬁnite paracontact (κ˜, μ˜)-manifold.
Example 3.15. Let g be the Lie algebra with basis {e1, e2, e3, e4, e5} and Lie brackets
[e1, e5] = αβ
2
e2 + α
2
2
e3, [e2, e5] = −αβ
2
e1 + α
2
2
e4, (3.45)
[e3, e5] = −β
2
2
e1 + αβ
2
e4, [e4, e5] = −β
2
2
e2 − αβ
2
e3, (3.46)
[e1, e2] = αe2, [e1, e3] = −βe2 + 2e5, [e1, e4] = 0, (3.47)
[e2, e3] = βe1 − αe4, [e2, e4] = αe3 + 2e5, [e3, e4] = −βe3 (3.48)
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paracontact metric structure (ϕ˜, ξ,η, g˜) by imposing that, at the identity,
g˜(e1, e1) = −1, g˜(e2, e2) = −1, g˜(e3, e3) = 1,
g˜(e4, e4) = 1, g˜(e5, e5) = 1, g˜(ei, e j) = 0 (i = j)
and ϕ˜e1 = e3, ϕ˜e2 = e4, ϕ˜e3 = e1, ϕ˜e4 = e2, ϕ˜e5 = 0, ξ = e5 and η = g˜(·, e5). Notice that h˜e1 = λ˜e1, h˜e2 = λ˜e2, h˜ϕ˜e1 =
−λ˜ϕ˜e1, h˜ϕ˜e2 = −λ˜ϕ˜e2, h˜ξ = 0. Now let ∇˜ be the Levi-Civita connection of the pseudo-Riemannian metric g˜ and R˜ be the
curvature tensor of g˜ . Using the Koszul formula, we get
∇˜e1ξ = (λ˜ − 1)ϕ˜e1, ∇˜e2ξ = (λ˜ − 1)ϕ˜e2, ∇˜ϕ˜e1ξ = −(1+ λ˜)e1, ∇˜ϕ˜e2ξ = −(1+ λ˜)e2,
∇˜ξ e1 = −αβ
2
e2 − μ˜
2
ϕ˜e1, ∇˜ξ e2 = αβ
2
e1 − μ˜
2
ϕ˜e2,
∇˜ξ ϕ˜e1 = − μ˜
2
e1 − αβ
2
ϕ˜e2, ∇˜ξ ϕ˜e2 = − μ˜
2
e2 + αβ
2
ϕ˜e1,
∇˜e1e1 = 0, ∇˜e1e2 = 0, ∇˜e1 ϕ˜e1 = −(λ˜ − 1)ξ, ∇˜e1 ϕ˜e2 = 0,
∇˜e2e1 = −αe2, ∇˜e2e2 = αe1, ∇˜e2 ϕ˜e1 = −αϕ˜e2, ∇˜e2 ϕ˜e2 = αϕ˜e1 − (λ˜ − 1)ξ,
∇˜ϕ˜e1e1 = βe2 − (1+ λ˜)ξ, ∇˜ϕ˜e1e2 = −βe1, ∇˜ϕ˜e1 ϕ˜e1 = βϕ˜e2, ∇˜ϕ˜e1 ϕ˜e2 = −βϕ˜e1,
∇˜ϕ˜e2e1 = 0, ∇˜ϕ˜e2e2 = −(1+ λ˜)ξ, ∇˜ϕ˜e2 ϕ˜e1 = 0, ∇˜ϕ˜e2 ϕ˜e2 = 0,
where λ˜ = α2+β24 , κ˜ = (α
2+β2)2−16
16 and μ˜ = α
2−β2
2 + 2. From the above relations it can be easily proved that G is a para-
contact (κ˜, μ˜)-manifold.
4. Paracontact (κ˜, μ˜)-manifolds with κ˜ > −1
In this section we deal with paracontact (κ˜, μ˜)-manifolds such that κ˜ > −1. In this case, according to Corollary 3.10,
h˜ is diagonalizable with eigenvectors 0, ±λ˜, where λ˜ := √1+ κ˜ . Our ﬁrst result concerns some remarkable properties of the
distributions deﬁned by the eigenspaces of h˜.
Theorem 4.1. Let (M, ϕ˜, ξ, η, g˜) be a paracontact metric (κ˜, μ˜)-manifold with κ˜ > −1. Then the eigendistributions Dh˜(λ˜) and
Dh˜(−λ˜) of h˜ are integrable and deﬁne two totally geodesic Legendre foliations of M.Moreover, for any X ∈ Γ (Dh˜(λ˜)), Y ∈ Γ (Dh˜(−λ˜))
∇˜X Y (respectively, ∇˜Y X ) has no components alongDh˜(λ˜) (respectively,Dh˜(−λ˜)).
Proof. Replacing Y with ϕ˜Y in (3.5), we get
(∇˜X h˜)ϕ˜Y − (∇˜ϕ˜Y h˜)X = −(1+ κ˜)
(
2g˜(X, Y )ξ − 3η(X)η(Y )ξ + η(X)Y )− (1− μ˜)η(X)h˜Y
for any X, Y ∈ Γ (TM). Then, for any X, Y , Z ∈ Γ (D) we have g˜((∇˜X h˜)ϕ˜Y − (∇˜ϕ˜Y h˜)X), Z) = 0, which is equivalent to
g˜(∇˜X h˜ϕ˜Y − h˜∇˜X ϕ˜Y − ∇˜ϕ˜Y h˜X + h˜∇˜ϕ˜Y X, Z) = 0. (4.1)
Now taking X, Y , Z ∈ Γ (Dh˜(λ˜)) in (4.1) it follows that −2λ˜g˜(∇˜X ϕ˜Y , Z) = 0. Since we are assuming λ˜ = 0, we get
0 = g˜(∇˜X ϕ˜Y , Z) = X(g˜(ϕ˜Y , Z)) − g˜(ϕ˜Y , ∇˜X Z) = −g˜(∇˜X Z , ϕ˜Y ). Thus ∇˜X Z is orthogonal to Dh˜(−λ˜). On the other hand,
g˜(∇˜X Z , ξ) = X(g˜(Z , ξ)) − g˜(Z , ∇˜Xξ) = −g˜(Z , ϕ˜X) − λ˜g˜(Z , ϕ˜X) = 0, so we conclude that ∇˜X Z ∈ Γ (Dh˜(λ˜)). Analogously,
if X, Z ∈ Γ (Dh˜(−λ˜)) then ∇˜X Z ∈ Γ (Dh˜(λ˜)). Hence Dh˜(λ˜) and Dh˜(−λ˜) are totally geodesic. Next, if X ∈ Γ (Dh˜(λ˜)) and
Y ∈ Γ (Dh˜(−λ˜)) then for all Z ∈ Γ (Dh˜(λ˜)) one has g˜(∇˜X Y , Z) = X(g˜(Y , Z)) − g˜(Y , ∇˜X Z) = 0, since ∇˜X Z ∈ Γ (Dh˜(λ˜)). Thus
∇˜X Y ∈ Γ (Dh˜(−λ˜) ⊕Rξ). In a similar manner one can prove that ∇˜Y X has no components along Dh˜(−λ˜). In particular, the
total geodesicity of Dh˜(λ˜) and Dh˜(−λ˜) implies that they are involutive distributions. Moreover they are also n-dimensional
because of [11, Proposition 3.2]. Hence they deﬁne two Legendre foliations on M . 
The geometry of a Legendre foliations is mainly described by its Pang invariant (2.13). Thus we ﬁnd the explicit expres-
sion of the Pang invariants of the Legendre foliations D˜ (λ˜) and D˜ (−λ˜).h h
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ΠDh˜(λ˜) = −2
(
1− μ˜
2
−
√
1+ κ˜
)
g˜
∣∣∣Dh˜(λ˜)×Dh˜(λ˜), (4.2)
ΠDh˜(−λ˜) = −2
(
1− μ˜
2
+
√
1+ κ˜
)
g˜
∣∣∣Dh˜(−λ˜)×Dh˜(−λ˜). (4.3)
Proof. Let X be a section of Dh˜(λ˜). Then by (2.16) we have
R˜ Xξ ξ = κ˜ X + μ˜h˜X . (4.4)
On the other hand,
R˜ Xξ ξ = ∇˜X ∇˜ξ ξ − ∇˜ξ ∇˜Xξ − ∇˜[X,ξ ]ξ
= ∇˜ξ ϕ˜X − ∇˜ξ ϕ˜h˜X − ϕ˜[ξ, X] + ϕ˜h˜[ξ, X]
= (1− λ˜)∇˜ϕ˜Xξ + (1− λ˜)[ξ, ϕ˜X] − ϕ˜[ξ, X] + ϕ˜h˜[ξ, X]
= (1− λ˜)(−ϕ˜2X + ϕ˜h˜ϕ˜X)+ (1− λ˜)[ξ, ϕ˜X] − ϕ˜[ξ, X] + ϕ˜h˜[ξ, X] + ϕ˜h˜[ξ, X]
= −X + λ˜2X + 2h˜X − λ˜[ξ, ϕ˜X] + ϕ˜h˜[ξ, X] + λ˜ϕ˜[ξ, X] − λ˜ϕ˜[ξ, X]
= −X + λ˜2X + 2λ˜X − 2λ˜h˜X + ϕ˜h˜[ξ, X] − λ˜ϕ˜[ξ, X]
= −(1− λ˜)2X + ϕ˜h˜[ξ, X] − λ˜ϕ˜[ξ, X]. (4.5)
By (4.4) and (4.5) it follows that ϕ˜h˜[ξ, X] = λ˜[ξ, X] + (κ˜ + μ˜λ˜ + (1− λ˜)2)X . By applying ϕ˜ we obtain
h˜[ξ, X] = λ˜[ξ, X] + (κ˜ + μ˜λ˜ + (1− λ˜)2)ϕ˜X .
Notice that, since iξdη = 0, the Reeb vector ﬁeld is an inﬁnitesimal automorphism with respect to the contact distribution,
so that [ξ, X] is still a section of D. Then by decomposing [ξ, X] in its components along Dh˜(λ˜) and Dh˜(−λ˜), from the last
equation it follows that
[ξ, X]Dh˜(−λ˜) = −
λ˜2 − 2λ˜ + 1+ κ˜ + μ˜λ˜
2λ˜
ϕ˜X =
(
1− μ˜
2
−
√
1+ κ˜
)
ϕ˜X .
Therefore for any X, X ′ ∈ Γ (Dh˜(λ˜))
ΠDh˜(λ˜)
(
X, X ′
)= 2g˜([ξ, X]Dh˜(−λ˜), ϕ˜X ′)= −2
(
1− μ˜
2
−
√
1+ κ˜
)
g˜
(
X, X ′
)
.
The proof of (4.3) is similar. 
Proposition 4.3. In any paracontact (κ˜, μ˜)-manifold (M, ϕ˜, ξ,η, g˜) with κ˜ > −1 one has
(∇˜X h˜)Y = −g˜
(
X, ϕ˜h˜2Y + ϕ˜h˜Y )ξ + η(Y )((1+ κ˜)ϕ˜X − ϕ˜h˜X)− μ˜η(X)ϕ˜h˜Y (4.6)
for any X, Y ∈ Γ (TM).
Proof. Because of Theorem 4.1 we have that
(∇˜X h˜)Y = 0 (4.7)
for any X, Y ∈ Γ (Dh˜(λ˜)) or X, Y ∈ Γ (Dh˜(−λ˜)). Now suppose that X ∈ Γ (Dh˜(λ˜)) and Y ∈ Γ (Dh˜(−λ˜)). Let {X1, . . . , Xn, ϕ˜X1,
. . . , ϕ˜Xn, ξ} be a ϕ˜-basis as in Lemma 3.11. Then according to (3.42) we have
h˜∇˜X Y = h˜
(
−
r∑
i=1
g˜(∇˜X Y , ϕ˜Xi)ϕ˜Xi +
n∑
i=r+1
g˜(∇˜X Y , ϕ˜Xi)ϕ˜Xi + g˜(∇˜X Y , ξ)ξ
)
= −λ˜ϕ˜
r∑
i=1
g˜(ϕ˜∇˜X Y , Xi)Xi + λ˜ϕ˜
n∑
i=r+1
g˜(ϕ˜∇˜X Y , Xi)Xi
= −λ˜ϕ˜2∇˜X Y
678 B. Cappelletti Montano et al. / Differential Geometry and its Applications 30 (2012) 665–693= −λ˜(∇˜X Y − g˜(∇˜X Y , ξ)ξ)
= −λ˜(∇˜X Y + g˜(Y , ∇˜Xξ)ξ)
= −λ˜(∇˜X Y − g˜(Y , ϕ˜X)ξ + g˜(Y , ϕ˜h˜X)ξ)
= ∇˜X h˜Y − λ˜(1− λ˜)g˜(X, ϕ˜Y )ξ.
Thus for any X ∈ Γ (Dh˜(λ˜)) and Y ∈ Γ (Dh˜(−λ˜)) one has
(∇˜X h˜)Y = λ˜(1− λ˜)g˜(X, ϕ˜Y )ξ (4.8)
and in a similar way one can prove that
(∇˜Y h˜)X = λ˜(1+ λ˜)g˜(X, ϕ˜Y )ξ. (4.9)
Now let X and Y any two vector ﬁelds on M . We decompose X and Y as X = X+ + X− + η(X)ξ , Y = Y+ + Y− + η(Y )ξ , ac-
cording to the decomposition TM =Dh˜(λ˜)⊕Dh˜(−λ˜)⊕Rξ . Using (3.6), (4.7), (4.8), (4.9), after a straightforward computation
we get
(∇˜X h˜)Y = λ˜(1− λ˜)g˜(X+, ϕ˜Y−)ξ − λ˜(1+ λ˜)g˜(X−, ϕ˜Y+)ξ + η(Y )h˜ϕ˜X + (1+ κ˜)η(Y )ϕ˜X + μ˜η(X)h˜ϕ˜Y .
But λ˜(1 − λ˜)g˜(X+, ϕ˜Y−) − λ˜(1 + λ˜)g˜(X−, ϕ˜Y+) = λ˜g˜(X+, ϕ˜Y−) − λ˜g˜(X−, ϕ˜Y+) − λ˜2(g˜(X+, ϕ˜Y−) + g˜(X−, ϕ˜Y+)) =
g˜(h˜X, ϕ˜Y ) − λ˜2 g˜(X, ϕ˜Y ). Therefore (4.6) follows. 
We recall the following general result.
Theorem 4.4. (See [10].) Let (M, η) be a contact manifold endowed with a bi-Legendrian structure (F1,F2) such that ∇blΠF1 =
∇blΠF2 = 0, where ∇bl denotes the bi-Legendrian connection associated to (F1,F2). Assume that one of the following conditions
holds
(I) F1 and F2 are positive deﬁnite and there exist two positive numbers a and b such that ΠF1 = abΠF2 on TF1 and ΠF2 =
abΠF1 on TF2 ,
(II) F1 is positive deﬁnite, F2 is negative deﬁnite and there exist a > 0 and b < 0 such that ΠF1 = abΠF2 on TF1 and ΠF2 =
abΠF1 on TF2 ,
(III) F1 and F2 are negative deﬁnite and there exist two negative numbers a and b such that ΠF1 = abΠF2 on TF1 and ΠF2 =
abΠF1 on TF2 .
Then (M, η) admits a compatible contact metric structure (ϕa,b, ξ,η, ga,b) such that
(i) if a = b, (M,ϕa,b, ξ,η, ga,b) is a Sasakian manifold;
(ii) if a = b, (M,ϕa,b, ξ,η, ga,b) is a contact metric (κa,b,μa,b)-manifold, whose associated bi-Legendrian structure is (F1,F2),
where
κa,b = 1− (a − b)
2
16
, μa,b = 2− a + b2 . (4.10)
Notice that in the proof of Theorem 4.4 the assumptions (I), (II) or (III) are used for constructing the compatible metric
structure, whereas the hypothesis ∇blΠF1 = ∇blΠF2 = 0 is necessary only for proving that such contact metric structure
satisﬁes a nullity condition.
Now we prove one of the main results of the section, which puts in relation the theory of paracontact (κ˜, μ˜)-manifolds
with contact Riemannian geometry.
Theorem 4.5. Let (M, ϕ˜, ξ,η, g˜) be a positive or negative deﬁnite paracontact (κ˜, μ˜)-manifold such that κ˜ > −1. Then M ad-
mits a family of contact Riemannian structures (ϕa,b, ξ,η, ga,b) parameterized by real numbers a and b satisfying the relation
ab = 4(1+ κ˜). Each contact metric structure (ϕa,b, ξ,η, ga,b) is explicitly given by
ϕa,b =
⎧⎪⎨
⎪⎩
b
2(1+κ˜) h˜, onD+,
− a2(1+κ˜) h˜, onD−,
0, on Rξ,
(4.11)
ga,b =
⎧⎨
⎩
2
a g˜(h˜·, ·), onD+ ×D+,
2
b g˜(h˜·, ·), onD− ×D−, (4.12)
η ⊗ η, otherwise.
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with κa,b = 1− (a−b)216 and μa,b = 2− a−b2 .
Proof. The result will follow once we will have proved that the canonical bi-Legendrian structure (D+,D−) of
(M, ϕ˜, ξ,η, g˜) satisﬁes one among the assumptions (I)–(III) of Theorem 4.4. The positive/negative deﬁniteness of D+
and D− is ensured by the assumption that the paracontact (κ˜, μ˜)-structure (ϕ˜, ξ,η, g˜) is positive or negative deﬁnite.
Hence it remains to prove the existence of real numbers a and b such that the Pang–Libermann invariants ΠD+ and ΠD−
are related each other as in the assumptions (I) or (III) of Theorem 4.4. First we ﬁnd the explicit expression of the Liber-
mann map ΛD− : TM −→ D+ . By deﬁnition ΛD+ξ = 0 and ΛD−Y = 0 for all Y ∈ Γ (D−). Let X be a section of D+ .
Then, using (3.43), we have, for any Y ∈ Γ (D+), 2g˜(h˜ΛD− X, Y ) = ΠD− (ΛD− X, Y ) = dη(X, Y ) = g˜(X, ϕ˜Y ) = −g˜(X, Y ).
Consequently 2h˜ΛD− X = −X . Applying h˜ and using (3.2) we easily get
ΛD− X = − 12(1+ κ˜) h˜X . (4.13)
Thus
ΠD−
(
X, X ′
)= ΠD−(ΛD− X,ΛD− X ′)= 14(1+ κ˜)2 ΠD−
(
h˜X, h˜X ′
)
= 1
2(1+ κ˜)2 g˜
(
h˜X, X ′
)= 1
4(1+ κ˜)ΠD+
(
X, X ′
)
,
so that
ΠD+
(
X, X ′
)= 4(1+ κ˜)ΠD−(X, X ′) (4.14)
for any X, X ′ ∈ Γ (D+). Arguing in a similar manner one ﬁnds that
ΛD+Y = 12(1+ κ˜) h˜Y (4.15)
for all Y ∈ Γ (D−) and
ΠD−
(
Y , Y ′
)= 4(1+ κ˜)ΠD+(Y , Y ′) (4.16)
for any Y , Y ′ ∈ Γ (D−). Comparing (4.14) with (4.16) we conclude that the bi-Legendrian structure (D+,D−) satisﬁes the
assumption (I) or (III) of Theorem 4.4, where a and b are any two real numbers such that ab = 4(1 + κ˜), both positive
or negative according to the fact that D+ and D− are positive or negative deﬁnite, respectively. By Theorem 4.4 this
proves the existence of a family of contact Riemannian structures (ϕa,b, ξ,η, ga,b) on M . The expressions (4.11) and (4.12)
follow from [10, (3.4)–(3.5)] and from (4.13), (4.15) and (3.43). Concerning the last part of the theorem we have to prove
that the bi-Legendrian structure (D+,D−) satisﬁes the further assumption of Theorem 4.4, i.e. that the corresponding bi-
Legendrian connection ∇bl preserves the Pang invariant of both the foliations. Notice that by [8, Theorem 3.6], since D+ ,
D− are integrable, ∇bl coincides in fact with the canonical paracontact connection ∇ pc . Now, by (2.12) and (4.6), for any
X, Y ∈ Γ (TM),(∇ pcX h˜)Y = ∇˜X h˜Y + η(X)ϕ˜h˜Y + η(h˜Y )(ϕ˜X − ϕ˜h˜X) + g˜(X, ϕ˜h˜Y )ξ
− g˜(h˜X, ϕ˜h˜Y )ξ − h˜∇˜X Y − η(X)h˜ϕ˜Y − η(Y )(h˜ϕ˜X − h˜ϕ˜h˜X)
= (∇˜X h˜)Y + 2η(X)ϕ˜hY + η(Y )ϕ˜h˜X − (1+ κ˜)η(Y )ϕ˜X + g˜(X, ϕ˜h˜Y )ξ − g˜(h˜X, ϕ˜h˜Y )ξ
= g˜(X, h˜ϕ˜Y )ξ − (1+ κ˜)g˜(X, ϕ˜Y )ξ + η(Y )h˜ϕ˜X + (1+ κ˜)η(Y )ϕ˜X + μ˜η(X)h˜ϕ˜Y
+ 2η(X)ϕ˜h˜Y + η(Y )ϕ˜h˜X − (1+ κ˜)η(Y )ϕ˜X + g˜(X, ϕ˜h˜Y )ξ + (1+ κ˜)g˜(X, ϕ˜Y )ξ
= (μ˜ − 2)η(X)h˜ϕ˜Y .
Consequently, if μ˜ = 2 then ∇blh˜ = ∇ pch˜ = 0. On the other hand, by (i) of Theorem 2.3 we have ∇bl g˜ = ∇ pc g˜ = 0. Thus, us-
ing the expression (3.43) of ΠD+ in terms of the paracontact structure, we get, for all X, X ′ ∈ Γ (D+) and for all Z ∈ Γ (TM)(∇blZ ΠD+)(X, X ′)= 2Z(g˜(h˜X, X ′))− 2g˜(h˜∇ pcZ X, X ′)− 2g˜(h˜X,∇ pcZ X ′)
= 2Z(g˜(h˜X, X ′))− 2g˜(∇ pcZ h˜X, X ′)− 2g˜(h˜X,∇ pcZ X ′)
= 2(∇ pcZ g˜)(h˜X, X ′)= 0. 
Corollary 4.6. Every positive or negative deﬁnite paracontact (κ˜, μ˜)-manifold such that κ˜ > −1 admits a K -contact structure.
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if a = b then ha,b = 0 and so the contact metric structure is K -contact. 
Actually, we now prove that one can deﬁne a distinguished contact metric structure on any positive or negative deﬁnite
paracontact (κ˜, μ˜)-space such that κ˜ > −1.
Theorem 4.7. Any positive or negative deﬁnite paracontact metric (κ˜, μ˜)-manifold such that κ˜ > −1 carries a canonical contact
Riemannian structure (φ, ξ,η, g) given by
φ := ∓ 1√
1+ κ˜ ϕ˜h˜, g := −dη(·, φ·) + η ⊗ η, (4.17)
where the sign ∓ depends on the positive or negative deﬁniteness of the paracontact (κ˜, μ˜)-manifold. Moreover, if μ˜ = 2 then
(φ, ξ,η, g) is Sasakian, whereas if μ˜ = 2 then (φ, ξ,η, g) is a non-Sasakian contact metric (κ,μ)-structure, where
κ = 1−
(
1− μ˜
2
)2
, μ = 2(1∓
√
1+ κ˜ ), (4.18)
the sign ∓ depending, respectively, on the positive or negative deﬁniteness of the paracontact metric structure (ϕ˜, ξ,η, g˜).
Proof. Let us deﬁne a (1,1)-tensor ﬁeld φ and a tensor g of type (0,2) by (4.17). First of all, using (3.2), one can easily
prove that φ2 = −I + η ⊗ ξ . Next we prove that g is a Riemannian metric. By using the symmetry of the operator h˜ with
respect to g˜ , one has, for any X, Y ∈ Γ (TM),
g(X, Y ) = ± 1√
1+ κ˜ dη(X, ϕ˜h˜Y ) + η(X)η(Y )
= ± 1√
1+ κ˜ g˜
(
X, ϕ˜2h˜Y
)+ η(X)η(Y )
= ± 1√
1+ κ˜ g˜(X, h˜Y ) + η(X)η(Y )
= ± 1√
1+ κ˜ g˜(Y , h˜X) + η(X)η(Y )
= g(Y , X), (4.19)
so that g is symmetric. In order to prove that it is also positive deﬁnite, let us consider a ϕ˜-basis {X1, . . . , Xn, Y1, . . . , Yn, ξ}
as in Lemma 3.11. Then we have that g(ξ, ξ) = 1, g(Xi, Xi) = ± 1√1+κ˜ g˜(Xi, h˜Xi) = ±
1√
1+κ˜ λ˜g˜(Xi, Xi) = ±g˜(Xi, Xi) =
(±1)(±1) = 1 and g˜(Yi, Yi) = ± 1√1+κ˜ g˜(Yi, h˜Yi) = ∓g˜(Yi, Yi) = (∓1)(∓1) = 1. Finally one can straightforwardly check that
g(φX, φY ) = g(X, Y )−η(X)η(Y ) and g(X, φY ) = dη(X, Y ). Thus (φ, ξ,η, g) is a contact Riemannian structure. We prove the
second part of the theorem. Let us compute the operator h associated to the contact metric structure (φ, ξ,η, g). We have
h = 1
2
Lξφ = ∓ 1
2
√
1+ κ˜ Lξ (ϕ˜h˜) = ∓
1
2
√
1+ κ˜
(
(Lξ ϕ˜)h˜ + ϕ˜(Lξ h˜)
)
. (4.20)
On the other hand, by using (3.6), we have, for any X ∈ Γ (TM),
(Lξ h˜)X = [ξ, h˜X] − h˜[ξ, X]
= ∇˜ξ h˜X − ∇˜h˜Xξ − h˜∇˜ξ X + h˜∇˜Xξ
= (∇˜ξ h˜)X + ϕ˜h˜X − ϕ˜h˜2X − h˜ϕ˜X + h˜ϕ˜h˜X
= (2− μ˜)ϕ˜h˜ − 2(1+ κ˜)ϕ˜X .
Thus (4.20) becomes
h = ∓ 1
2
√
1+ κ˜ (2− μ˜)h˜. (4.21)
We distinguish the cases μ˜ = 2 and μ˜ = 2. In the ﬁrst case by (4.21) we see that h is diagonalizable, it admits the eigen-
values 0, ±λ, where
λ := 1− μ˜ , (4.22)
2
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Legendrian connection ∇¯bl satisfy the conditions stated in Theorem 2.5, so concluding that (φ, ξ,η, g) is a contact metric
(κ,μ)-structure. First of all, notice that Dh(λ) and Dh(−λ) are mutually g-orthogonal. Indeed by using (4.19) one has,
for any X ∈ Γ (Dh(λ)) and Y ∈ Γ (Dh(−λ)), g(X, Y ) = ± 1√1+κ˜ g˜(X, h˜Y ) = ∓g˜(X, Y ) = 0, since the eigendistributions of h˜
are g˜-orthogonal (Corollary 3.10). Next, by deﬁnition of bi-Legendrian connection, also the conditions (i), (iii) and ∇¯blη =
∇¯bldη = 0 of Theorem 2.5 are satisﬁed. Moreover, ∇¯blh = 0 because ∇¯bl preserves Dh(λ) and Dh(−λ). Thus it remains to
prove that ∇¯bl g = 0 and ∇¯blφ = 0. Let us recall [7] that, by deﬁnition, ∇¯blX Y = [X, Y ]Dh(−λ) and ∇¯blY X = [Y , X]Dh(λ) for any
X ∈ Γ (Dh(λ)) and Y ∈ Γ (Dh(−λ)). Then for any X, X ′ ∈ Γ (Dh(λ)) and Y , Y ′ ∈ Γ (Dh(−λ)) one has(∇¯blY g˜)(X, X ′)= Y (g˜(X, X ′))− g˜([Y , X]Dh(λ), X ′)− g˜([Y , X ′]Dh(−λ), X)
= Y (g˜(X, X ′))− g˜([Y , X], X ′)− g˜([Y , X ′], X)
= −2g˜(∇˜X X ′, Y )= 0,
and, analogously, using the g˜-orthogonality and totally geodesicity of Dh˜(±λ˜) = Dh(±λ), one has that (∇¯blX g˜)(Y , Y ′) =
−2g˜(∇˜Y Y ′, X) = 0, (∇¯blξ g˜)(X, X ′) = −2g˜(∇˜X X ′, ξ) = 0 and (∇¯blξ g˜)(Y , Y ′) = −2g˜(∇˜Y Y ′, ξ) = 0. Moreover, for any X, X ′, X ′′ ∈
Γ (Dh(λ)), by using ∇¯bldη = 0,(∇¯blX g˜)(X ′, X ′′)= X(g˜(X ′, X ′′))− dη(∇¯blX X ′, ϕ˜X ′′)− dη(X ′, ϕ˜∇¯blX X ′′)
= X(g˜(X ′, X ′′))− X(dη(X ′, ϕ˜X ′′))+ dη(X ′, ∇¯blX ϕ˜X ′′)
− X(dη(ϕ˜X ′, X ′′))+ dη(∇¯blX ϕ˜X ′, X ′′)
= X(g˜(X ′, X ′′))− X(g˜(X ′, X ′′))+ g˜(X ′, g˜∇¯blX ϕ˜X ′′)
− X(g˜(ϕ˜X ′, ϕ˜X ′′))+ g˜(∇¯blX ϕ˜X ′, ϕ˜X ′′)
= −X(g˜(ϕ˜X ′, ϕ˜X ′′))− g˜(ϕ˜X ′, [X, ϕ˜X ′′]Dh(λ))+ g˜([X, ϕ˜X ′]Dh(−λ), ϕ˜X ′′)
= −X(g˜(ϕ˜X ′, ϕ˜X ′′))− g˜(ϕ˜X ′, [X, ϕ˜X ′′])+ g˜([X, ϕ˜X ′], ϕ˜X ′′)
= 2g˜(∇˜ϕ˜X ′ ϕ˜X ′′, X)= 0
and, by similar computations, for any Y , Y ′, Y ′′ ∈ Γ (Dh(−λ)), (∇¯blY g˜)(Y ′, Y ′′) = 2g˜(∇˜ϕ˜Y ′ ϕ˜Y ′′, Y ) = 0, where we used again
the total geodesicity of Dh˜(±λ˜). Since, by deﬁnition, ∇¯blξ = 0, we conclude that ∇¯bl g˜ = 0. Thus by (4.19) and (4.21) we
have, for all X, Y , Z ∈ Γ (TM),
(∇¯blX g)(Y , Z) = ± 1√
1+ κ˜
(∇¯blX g˜)(Y , h˜ Z) ∓ 22− μ˜ g˜
(
Y ,
(∇¯blX h)Z)± η(Z)(∇¯blX η)(Y ) ± η(Y )(∇¯blX η)(Z) = 0
since ∇¯bl g˜ = 0, ∇¯blh = 0 and ∇¯blη = 0. On the other hand, from ∇¯bl g = 0, ∇¯bldη = 0 and the relation dη = g(·, φ·) it
easily follows that the bi-Legendrian connection ∇¯bl preserves also the tensor ﬁeld φ. Therefore, according to Theorem 2.5,
(φ, ξ,η, g) is a contact metric (κ,μ)-structure. In order to ﬁnd the explicit expression of the constants κ and μ, notice
that, by (4.22),
√
1− κ = |1− μ˜2 |, from which it follows that
κ = 1−
(
1− μ˜
2
)2
. (4.23)
In order to ﬁnd μ˜, notice that since the bi-Legendrian structures (Dh˜(−λ˜),Dh˜(λ˜)) and (Dh(−λ),Dh(λ)) coincide, also the
corresponding Pang invariants must be equal. More precisely, by (4.21) one can ﬁnd that
Dh˜(λ˜) =
{Dh(±|λ|), if μ˜ > 2,
Dh(∓|λ|), if μ˜ < 2, (4.24)
Dh˜(−λ˜) =
{Dh(∓|λ|), if μ˜ > 2,
Dh(±|λ|), if μ˜ < 2 (4.25)
where the sign ± depends on the positive or negative deﬁniteness of the paracontact (κ˜, μ˜)-manifold (M, ϕ˜, ξ,η, g˜). Let
us assume that (M, ϕ˜, ξ,η, g˜) is positive deﬁnite and that μ˜ > 2. Then, by using (4.24)–(4.25) and by comparing [10, (11)]
with (4.2) we get
2
(
1− μ
2
+ |λ|
)
g
(
X, X ′
)= −2(1− μ˜
2
−
√
1+ κ˜
)
g˜
(
X, X ′
)
(4.26)
for any X, X ′ ∈ Γ (D˜ (λ˜)). By (4.19) and (4.23), (4.26) becomesh
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(
1− μ
2
−
(
1− μ˜
2
))
g˜
(
X, X ′
)= −2(1− μ˜
2
−
√
1+ κ˜
)
g˜
(
X, X ′
)
.
It follows that
μ = 2(1−
√
1+ κ˜ ). (4.27)
If we assume μ˜ < 2 we use [10, (12)] and we get
2
(
1− μ
2
− |λ|
)
g
(
X, X ′
)= −2(1− μ˜
2
−
√
1+ κ˜
)
g˜
(
X, X ′
)
and, as |λ| = 1 − μ˜2 , so we obtain again (4.27). The case when (M, ϕ˜, ξ, η, g˜) is negative deﬁnite is similar and one can
prove that
μ = 2(1+
√
1+ κ˜ ). (4.28)
Now let us assume that μ˜ = 2. Then (4.21) implies that the operator h vanishes, so that the contact metric structure
(φ, ξ,η, g) is K -contact. In particular one has Nφ(ξ, X) = φ2[ξ, X] − φ[ξ,φX] = −2φhX = 0 for all X ∈ Γ (TM). Moreover,
since D+ , D− , Dh˜(λ˜), Dh˜(−λ˜) are Legendre foliations, the canonical almost bi-paracontact structure (3.38) is integrable.
Thus by [11, Corollary 3.9] we deduce that Nφ(X, Y ) = 0 for all X, Y ∈ Γ (D). Consequently the tensor ﬁeld Nφ vanishes
identically and (M, φ, ξ,η, g) is a Sasakian manifold. 
Example 4.8. Let us consider the paracontact (κ˜, μ˜)-manifold (G, ϕ˜, ξ, η, g˜) described in Example 3.15 and let us apply the
procedure of Theorem 4.7. Then a canonical contact (κ,μ)-structure (φ, ξ,η, g) is deﬁned on G , where, according to (4.18),
κ = 1− (α2−β2)216 and μ = 2(1+ α
2+β2
4 ). Explicitly, the contact Riemannian structure is deﬁned as follows
φe1 = e3, φe2 = e4, φe3 = −e1, φe4 = −e2, φe5 = 0,
g(ei, e j) = δi j for any i, j ∈ {1, . . . ,5}.
In order to understand where such a contact metric (κ,μ)-structure on the Lie group G stays in the Boeckx’s classiﬁcation,
let us compute the value of the Boeckx invariant IG [6]. An easy computation shows that IG = 1−
μ
2√
1−κ = −
α2+β2
|α2−β2| . Then one
can straightforwardly check that IG < −1 provided that α,β = 0, and IG = −1 if α = 0 (β = 0) or α = 0 (β = 0). Hence the
contact Riemannian manifold (G, φ, ξ,η, g) is locally isometric to one among the contact Riemannian Lie groups described
in Section 4 of [6], namely that one whose Lie algebra has the same constant structures as (3.45)–(3.48).
Remark 4.9. Let (M, φ, ξ,η, g) be a (non-Sasakian) contact metric (κ ′,μ′)-space. Then by applying the procedure described
in [13] one obtains a paracontact (κ˜, μ˜)-structure (ϕ˜, ξ,η, g˜) on M , being
κ˜ = κ − 2+
(
1− μ
2
)2
, μ˜ = 2.
Since the bi-Legendrian structure (D+,D−) coincides with that one (Dh(λ),Dh(−λ)) deﬁned by the eigendistributions of h,
due to [10, Theorem 4] one has that the paracontact metric structure (ϕ˜, ξ,η, g˜) is positive or negative deﬁnite if and only
if I2M > 1, where IM denotes the Boeckx invariant of the contact metric (κ,μ)-structure (φ, ξ,η, g). But I
2
M > 1 if and only
if
(1− μ2 )2
1−κ > 1, that is κ − 1 + (1 − μ2 )2 > 0, which is equivalent to require that κ˜ > −1. Therefore the only positive or
negative deﬁnite paracontact (κ˜, μ˜)-structures determined via the above procedure are those ones with κ˜ > −1. Then we
are under the assumption of Theorem 4.7 and so we obtain a new contact Riemannian structure (φ′, η, ξ, g′). Since μ˜ = 2,
(φ′, η, ξ, g′) is in fact a Sasakian structure. Hence we have proved that any non-Sasakian contact metric (κ,μ)-manifold
such that |IM | > 1 admits a Sasakian metric compatible with the same underlying contact form η. The same result was
proved using different techniques in [10].
Now we pass to study some important curvature properties.
Lemma 4.10. Let (M, ϕ˜, ξ,η, g˜) be a paracontact (κ˜, μ˜)-manifold such that κ˜ > −1. Then for any vector ﬁelds X, Y , Z on M we have
R˜ XY h˜Z − h˜ R˜ XY Z =
(
κ˜
(
η(X)g˜(h˜Y , Z) − η(Y )g˜(h˜X, Z))+ μ˜(1+ κ˜)(η(X)g˜(Y , Z) − η(Y )g˜(X, Z)))ξ
+ κ˜(g˜(X, ϕ˜ Z)ϕ˜h˜Y − g˜(Y , ϕ˜ Z)ϕ˜h˜X + g˜(Z , ϕ˜h˜X)ϕ˜Y − g˜(Z , ϕ˜h˜Y )ϕ˜X
+ η(Z)(η(X)h˜Y − η(Y )h˜X))− μ˜((1+ κ˜)η(Z)(η(Y )X − η(X)Y )+ 2g˜(X, ϕ˜Y )ϕ˜h˜ Z). (4.29)
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R˜ XY h˜Z − h˜ R˜ XY Z = (∇˜X ∇˜Y h˜)Z − (∇˜Y ∇˜X h˜)Z − (∇˜[X,Y ]h˜)Z . (4.30)
Using (3.2), (4.6) and the facts that h˜ anti-commutes with ϕ˜ and ∇˜X ϕ˜ is antisymmetric, we get by direct calculation
(∇˜X ∇˜Y h˜)Z = −
(
(1+ κ˜)g˜(∇˜X Y , ϕ˜ Z) + (1+ κ˜)g˜(Y , ∇˜X ϕ˜ Z) + g˜(∇˜X Y , ϕ˜h˜ Z) + g˜(Y , ∇˜X ϕ˜h˜ Z)
)
ξ
− ((1+ κ˜)g˜(Y , ϕ˜ Z) + g˜(Y , ϕ˜h˜ Z))∇˜Xξ + (η(∇˜X Z) + g˜(Z , ∇˜Xξ))((1+ κ˜)ϕ˜Y − ϕ˜h˜Y )
+ η(Z)((κ˜ + 1)∇˜X ϕ˜Y − ∇˜X ϕ˜h˜Y )
− μ˜(η(∇˜X Y ) + g˜(Y , ∇˜Xξ))ϕ˜h˜ Z − μ˜η(Y )∇˜X ϕ˜h˜ Z .
So, using also (4.6) and (3.5), Eq. (4.30) yields
R˜ XY h˜Z − h˜ R˜ XY Z =
(
(1+ κ˜)g˜((∇˜X ϕ˜)Y − (∇˜Y ϕ˜)X, Z)+ g˜((∇˜X h˜ϕ˜)Y − (∇˜Y h˜ϕ˜)X, Z))ξ
− ((1+ κ˜)g˜(Y , ϕ˜ Z) − g˜(Y , h˜ϕ˜ Z))∇˜Xξ + ((1+ κ˜)g˜(X, ϕ˜ Z) − g˜(X, h˜ϕ˜ Z))∇˜Y ξ
+ g˜(Z , ∇˜Xξ)
(
h˜ϕ˜Y + (1+ κ˜)ϕ˜Y )− g˜(Z , ∇˜Y ξ)(h˜ϕ˜X + (κ˜ + 1)ϕ˜X)
+ η(Z)((∇˜X h˜ϕ˜)Y − (∇˜Y h˜ϕ˜)X + (1+ κ˜)((∇˜X ϕ˜)Y − (∇˜Y ϕ˜)X))
− μ˜(η(Y )(∇˜X ϕ˜h˜)Z − η(X)(∇˜Y ϕ˜h˜)Z + 2g˜(X, ϕ˜Y )ϕ˜h˜ Z). (4.31)
Using now (3.4), (4.6) and h˜ξ = 0, we get
(∇˜X ϕ˜h˜)Y = g˜
(
h˜2X − h˜X, Y )ξ + η(Y )(h˜2X − h˜X)− μ˜η(X)h˜Y .
Therefore, by using (3.4) again, (4.31) reduces to (4.29). 
Theorem 4.11. Let (M, ϕ˜, ξ, η, g˜) be a paracontact (κ˜, μ˜)-manifold such that κ˜ > −1. Then we have, for any X, X ′, X ′′ ∈Dh˜(λ˜) and
Y , Y ′, Y ′′ ∈Dh˜(−λ˜),
R˜ X X ′ X
′′ = (2(λ˜ − 1) + μ˜)(g˜(X ′, X ′′)X − g˜(X, X ′′)X ′), (4.32)
R˜ X X ′Y = (κ˜ + μ˜)
(−g˜(ϕ˜X ′, Y )ϕ˜X + g˜(ϕ˜X, Y )ϕ˜X ′), (4.33)
R˜ XY X
′ = κ˜ g˜(ϕ˜Y , X ′)ϕ˜X − μ˜g˜(ϕ˜Y , X)ϕ˜X ′, (4.34)
R˜ XY Y
′ = −κ˜ g˜(ϕ˜X, Y ′)ϕ˜Y + μ˜g˜(ϕ˜X, Y )ϕ˜Y ′, (4.35)
R˜Y Y ′ X = (κ˜ + μ˜)
(−g˜(ϕ˜Y ′, X)ϕ˜Y + g˜(ϕ˜Y , X)ϕ˜Y ′), (4.36)
R˜Y Y ′Y
′′ = (−2(λ˜ + 1) + μ˜)(g˜(Y ′, Y ′′)Y − g˜(Y , Y ′′)Y ′). (4.37)
Proof. We start by proving (4.33). We can choose a local orthogonal ϕ˜-basis {ei, ϕ˜ei, ξ}, i ∈ {1, . . . ,n}, as in Lemma 3.11.
Then we have
R˜ X X ′Y = g˜(R˜ X X ′Y , ξ)ξ −
r∑
i=1
g˜(R˜ X X ′Y , ei)ei +
n∑
i=r+1
g˜(R˜ X X ′Y , ei)ei
+
r∑
i=1
g˜(R˜ X X ′Y , ϕ˜ei)ϕ˜ei −
n∑
i=r+1
g˜(R˜ X X ′Y , ϕ˜ei)ϕ˜ei . (4.38)
Notice that, because of (3.1), g˜(R˜ X X ′Y , ξ) = −g˜(R˜ X X ′ξ, Y ) = 0. Moreover, due to Theorem 4.1, also the terms g˜(R˜ X X ′Y , ei)
in (4.38) vanish. On the other hand, if X ∈ Γ (Dh˜(λ˜)) and Y , Z ∈ Γ (Dh˜(−λ˜)), then applying (4.29) we get
R˜ XY h˜Z − h˜ R˜ XY Z = −(λ˜R˜ XY Z + h˜ R˜ XY Z) = −2λ˜
(
κ˜ g˜(X, ϕ˜ Z)ϕ˜Y − μ˜g˜(X, ϕ˜Y )ϕ˜ Z)
and, taking the inner product with W ∈ Γ (Dh˜(λ˜)), we get
g˜(R˜ XY Z ,W ) = κ˜ g˜(X, ϕ˜ Z)g˜(ϕ˜Y ,W ) − μ˜g˜(X, ϕ˜Y )g˜(ϕ˜ Z ,W ) (4.39)
for any X,W ∈ Γ (D˜ (λ˜)) and Y , Z ∈ Γ (D˜ (−λ˜)). Therefore, using (4.38), (4.39) and the ﬁrst Bianchi identity we ﬁndh h
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r∑
i=1
(
g˜
(
R˜Y X X
′, ϕ˜ei
)
ϕ˜ei + g˜(R˜ X ′Y X, ϕ˜ei)ϕ˜ei
)
+
n∑
i=r+1
(
g˜
(
R˜Y X X
′, ϕ˜ei
)
ϕ˜ei + g˜(R˜ X ′Y X, ϕ˜ei)ϕ˜ei
)
= −
r∑
i=1
(
g˜
(
R˜ XY ϕ˜ei, X
′)ϕ˜ei − g˜(R˜ X ′Y ϕ˜ei, X)ϕ˜ei)
+
n∑
i=r+1
(
g˜
(
R˜ XY ϕ˜ei, X
′)ϕ˜ei − g˜(R˜ X ′Y ϕ˜ei, X)ϕ˜ei)
= −
r∑
i=1
(
κ˜ g˜
(
X, ϕ˜2ei
)
g˜
(
ϕ˜Y , X ′
)
ϕ˜ei − μ˜g˜(X, ϕ˜Y )g˜
(
ϕ˜2ei, X
′)ϕ˜ei
− κ˜ g˜(X ′, ϕ˜2ei)g˜(ϕ˜Y , X)ϕ˜ei + μ˜g˜(X ′, ϕ˜Y )g˜(ϕ˜2ei, X)ϕ˜ei)
+
n∑
i=r+1
(
κ˜ g˜
(
X, ϕ˜2ei
)
g˜
(
ϕ˜Y , X ′
)
ϕ˜ei − μ˜g˜(X, ϕ˜Y )g˜
(
ϕ˜2ei, X
′)ϕ˜ei
− κ˜ g˜(X ′, ϕ˜2ei)g˜(ϕ˜Y , X)ϕ˜ei + μ˜g˜(X ′, ϕ˜Y )g˜(ϕ˜2ei, X)ϕ˜ei)
= κ˜ g˜(ϕ˜Y , X ′)ϕ˜X − μ˜g˜(X, ϕ˜Y )ϕ˜X ′ − κ˜ g˜(ϕ˜Y , X)ϕ˜X ′ + μ˜g˜(ϕ˜Y , X ′)ϕ˜X
= (κ˜ + μ˜)(−g˜(ϕ˜X ′, Y )ϕ˜X + g˜(ϕ˜X, Y )ϕ˜X ′).
Thus (4.33) is proved. Now let us prove (4.35). We have
R˜ XY Y
′ = g˜(R˜ XY Y ′, ξ)ξ − r∑
i=1
g˜
(
R˜ XY Y
′, ei
)
ei +
n∑
i=r+1
g˜
(
R˜ XY Y
′, ei
)
ei
+
r∑
i=1
g˜
(
R˜ XY Y
′, ϕ˜ei
)
ϕ˜ei −
n∑
i=r+1
g˜
(
R˜ XY Y
′, ϕ˜ei
)
ϕ˜ei . (4.40)
Arguing as before we have that g˜(R˜ XY Y ′, ξ) = g˜(R˜ XY Y ′, ei) = 0 for each i ∈ {1, . . . ,n}. On the other hand, if X ∈ Γ (Dh˜(λ˜))
and Y , Z ∈ Γ (Dh˜(−λ˜)), then applying (4.29) we get
R˜ XY h˜Z − h˜ R˜ XY Z = −(λ˜R˜ XY Z + h˜ R˜ XY Z) = −2λ˜
(
κ˜ g˜(X, ϕ˜ Z)ϕ˜Y − μ˜g˜(X, ϕ˜Y )ϕ˜ Z)
and, taking the inner product with W ∈ Γ (Dh˜(λ˜)), we have
g˜(R˜ XY Z ,W ) = κ˜ g˜(X, ϕ˜ Z)g˜(ϕ˜Y ,W ) − μ˜g˜(X, ϕ˜Y )g˜(ϕ˜ Z ,W ) (4.41)
for any X,W ∈ Γ (Dh˜(λ˜)) and Y , Z ∈ Γ (Dh˜(−λ˜)). Using (4.40), (4.41) and the ﬁrst Bianchi identity we get
R˜ XY Y
′ =
r∑
i=1
(
g˜(R˜Y ′X Y , ei)ei + g˜(R˜Y Y ′ X, ei)ei
)− n∑
i=r+1
(
g˜(R˜Y ′X Y , ei)ei + g˜(R˜Y Y ′ X, ei)ei
)
=
r∑
i=1
(
g˜
(
R˜ Xei Y , Y
′)ei − g˜(R˜ XY ′Y , ei)ei)− n∑
i=r+1
(
g˜
(
R˜ Xei Y , Y
′)ei − g˜(R˜ XY ′Y , ei)ei)
=
r∑
i=1
(−κ˜ g˜(X, ϕ˜Y )g˜(ϕ˜Y ′, ei)+ μ˜g˜(X, ϕ˜Y ′)g˜(ϕ˜Y , ei))ei
+
n∑
i=r+1
(
κ˜ g˜(X, ϕ˜Y )g˜
(
ϕ˜Y ′, ei
)− μ˜g˜(X, ϕ˜Y ′)g˜(ϕ˜Y ′, ei))ei
+
r∑
(κ˜ + μ˜)(g˜(ϕ˜X, Y )g˜(ϕ˜ei, Y ′)− g˜(ϕ˜ei, Y )g˜(ϕ˜X, Y ′))eii=1
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n∑
i=r+1
(κ˜ + μ˜)(g˜(ϕ˜X, Y )g˜(ϕ˜ei, Y ′)− g˜(ϕ˜ei, Y )g˜(ϕ˜X, Y ′))ei
= κ˜ g˜(X, ϕ˜Y )ϕ˜Y ′ − μ˜g˜(X, ϕ˜Y ′)ϕ˜Y + (κ˜ + μ˜)(g˜(ϕ˜X, Y )ϕ˜Y ′ − g˜(ϕ˜X, Y ′)ϕ˜Y )
= −κ˜ g˜(ϕ˜X, Y ′)ϕ˜Y + μ˜g˜(ϕ˜X, Y )ϕ˜Y ′.
Finally, we show (4.32). By using (3.30) one obtains
R˜ X X ′ ϕ˜X
′′ − ϕ˜ R˜ X X ′ X ′′ = g˜
(
X ′ − h˜X ′, X ′′)(ϕ˜X − ϕ˜h˜X) − g˜(X − h˜X, X ′′)(ϕ˜X ′ − ϕ˜h˜X ′). (4.42)
Then by applying ϕ˜ to (4.42) we get
ϕ˜ R˜ X X ′ ϕ˜X
′′ − R˜ X X ′ X ′′ = g˜
(
X ′ − h˜X ′, X ′′)(X − h˜X) − g˜(X − h˜X, X ′′)(X ′ − h˜X ′)
= (1− λ˜)2 g˜(X ′, X ′′)X − (1− λ˜)2 g˜(X, X ′′)X ′.
So that, by using (4.33), one has
R˜ X X ′ X
′′ = ϕ˜ R˜ X X ′ ϕ˜X ′′ − (1− λ˜)2 g˜
(
X ′, X ′′
)
X + (1− λ˜)2 g˜(X, X ′′)X ′
= (κ˜ + μ˜)(g˜(ϕ˜X, ϕ˜X ′′)X ′ − g˜(ϕ˜X ′, ϕ˜X ′′)X)+ (1− λ˜)2(g˜(X, X ′′)X ′ − g˜(X ′, X ′′)X)
= (2(λ˜ − 1) + μ˜)(g˜(X ′, X ′′)X − g˜(X, X ′′)X ′).
The proofs of remaining cases are similar. 
Using Theorem 4.11 one can easily prove the following corollaries.
Corollary 4.12. Let (M, ϕ˜, ξ, η, g˜) be a paracontact metric (κ˜, μ˜)-manifold such that κ˜ > −1. Then its Riemannian curvature tensor R˜
is given by the following formula
g˜(R˜ XY Z ,W ) =
(
−1+ μ˜
2
)(
g˜(Y , Z)g˜(X,W ) − g˜(X, Z)g˜(Y ,W ))
+ g˜(Y , Z)g˜(h˜X,W ) − g˜(X, Z)g˜(h˜Y ,W )
− g˜(Y ,W )g˜(h˜X, Z) + g˜(X,W )g˜(h˜Y , Z)
+ −1+
μ˜
2
κ˜ + 1
(
g˜(h˜Y , Z)g˜(h˜X,W ) − g˜(h˜X, Z)g˜(h˜Y ,W ))
− μ˜
2
(
g˜(ϕ˜Y , Z)g˜(ϕ˜X,W ) − g˜(ϕ˜X, Z)g˜(ϕ˜Y ,W ))
+ −κ˜ −
μ˜
2
κ˜ + 1
(
g˜(ϕ˜h˜Y , Z)g˜(ϕ˜h˜X,W ) − g˜(ϕ˜h˜Y ,W )g˜(ϕ˜h˜X, Z))
+ μ˜g˜(ϕ˜X, Y )g˜(ϕ˜ Z ,W )
+ η(X)η(W )
((
κ˜ + 1− μ˜
2
)
g˜(Y , Z) + (μ˜ − 1)g˜(h˜Y , Z)
)
− η(X)η(Z)
((
κ˜ + 1− μ˜
2
)
g˜(Y ,W ) + (μ˜ − 1)g˜(h˜Y ,W )
)
+ η(Y )η(Z)
((
κ˜ + 1− μ˜
2
)
g˜(X,W ) + (μ˜ − 1)g˜(h˜X,W )
)
− η(Y )η(W )
((
κ˜ + 1− μ˜
2
)
g˜(X, Z) + (μ˜ − 1)g˜(h˜X, Z)
)
(4.43)
for all vector ﬁelds X, Y , Z , W on M.
Proof. We can decompose an arbitrary vector ﬁeld X on M uniquely as X = Xλ˜ + X−λ˜ + η(X)ξ , where Xλ˜ ∈ Γ (Dh˜(λ˜)) and
X−λ˜ ∈ Γ (Dh˜(−λ˜)). We then write R˜ XY Z as a sum of terms of the form R˜ X±λ˜Y±λ˜ Z±λ˜ , R˜ XY ξ , R˜ Xξ Z . Then by Theorem 4.11
and (3.7), and taking into account that, in fact
Xλ˜ =
1
2
(
X − η(X)ξ + 1
λ˜
h˜X
)
, X−λ˜ =
1
2
(
X − η(X)ξ − 1
λ˜
h˜X
)
,
we obtain (4.43). 
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curvature K˜ (Z , ξ) is given by
K˜ (Z , ξ) = κ˜ + μ˜ g˜(h˜ Z , Z)
g˜(Z , Z)
=
{
κ˜ + λ˜μ˜, if Z ∈ Γ (Dh˜(λ˜)),
κ˜ − λ˜μ˜, if Z ∈ Γ (Dh˜(−λ˜)).
Moreover, the sectional curvature of plane sections normal to ξ is given by
K
(
X, X ′
)= 2(λ˜ − 1) + μ˜, K (Y , Y ′)= −2(λ˜ + 1) + μ˜,
K (X, Y ) = (κ˜ − μ˜) g˜(X, ϕ˜Y )
2
g˜(X, X)g˜(Y , Y )
,
for any X, X ′ ∈ Γ (Dh˜(λ˜)), Y , Y ′ ∈ Γ (Dh˜(−λ˜)).
Corollary 4.14. In any (2n + 1)-dimensional paracontact (κ˜, μ˜)-manifold (M, ϕ˜, ξ,η, g˜) such that κ˜ > −1, the Ricci operator Q˜ is
given by
Q˜ = (2(1− n) + nμ˜)I + (2(n − 1) + μ˜)h˜ + (2(n − 1) + n(2κ˜ − μ˜))η ⊗ ξ. (4.44)
In particular, (M, g˜) is η-Einstein if and only if μ˜ = 2(1− n), Einstein if and only if κ˜ = μ˜ = 0 and n = 1 (in this case the manifold is
Ricci-ﬂat).
In particular it follows that in dimension 3 any paracontact (κ˜,0)-manifold with κ˜ > −1 is η-Einstein. Notice that, in
dimension greater than 3 no paracontact (κ˜, μ˜)-manifold such that κ˜ > −1 can be Einstein, since one would ﬁnd κ˜ = 1−n2n
and only for n = 1 one has that κ˜ > −1.
5. Paracontact (κ˜, μ˜)-manifolds with κ˜ < −1
In this section we deal with paracontact (κ˜, μ˜)-manifolds such that κ˜ < −1. In this case, as stated in Corollary 3.10,
ϕ˜h˜ is diagonalizable with eigenvectors 0, ±λ˜, where λ˜ := √−1− κ˜ . As for the case κ˜ > −1 we start by proving that the
distributions deﬁned by the eigenspaces of ϕ˜h˜ deﬁne two mutually orthogonal Legendre foliations. The main difference with
the case κ˜ > −1 and, more in general, with the theory of contact metric (κ,μ)-spaces, is that they are not totally geodesic,
but they are totally umbilical.
Theorem 5.1. Let (M, ϕ˜, ξ, η, g˜) be a paracontact (κ˜, μ˜)-manifold such that κ˜ < −1. Then the eigendistributions Dϕ˜h˜(λ˜) and
Dϕ˜h˜(−λ˜) of the operator ϕ˜h˜ are integrable and deﬁne two mutually orthogonal Legendre foliations of M with totally umbilical leaves.
Moreover, for any X, Y ∈Dϕ˜h˜(±λ˜), ∇˜X Y ∈Dϕ˜h˜(±λ˜) ⊕Rξ .
Proof. From (3.4), (3.5), (3.8) we get the formula
(∇˜X ϕ˜h˜)Y − (∇˜Y ϕ˜h˜)X = −(1+ κ˜)
(
η(X)Y − η(Y )X)+ (1− μ˜)(η(X)h˜Y − η(Y )h˜X) (5.1)
which holds for any paracontact (κ˜, μ˜)-manifold. From (5.2) it follows that, for any X, Y , Z ∈ Γ (D), g˜((∇˜X ϕ˜h˜)ϕ˜Y −
(∇˜ϕ˜Y ϕ˜h˜)X, Z) = 0, that is
g˜(∇˜X ϕ˜h˜ϕ˜Y − ϕ˜h˜∇˜X ϕ˜Y − ∇˜ϕ˜Y ϕ˜h˜X + ϕ˜h˜∇˜ϕ˜Y X, Z) = 0. (5.2)
Now, let us assume that X, Y , Z ∈ Γ (Dϕ˜h˜(λ˜)). Then (5.2) reduces to 0 = −λ˜g˜(∇˜X ϕ˜Y , Z) − λ˜g˜(∇˜X ϕ˜Y , Z) − λ˜g˜(∇˜ϕ˜Y X, Z) +
λ˜g˜(∇˜ϕ˜Y X, Z) = −2λ˜g˜(∇˜X ϕ˜Y , Z). Thus ∇˜X Z ∈ Dϕ˜h˜(λ˜) ⊕ Rξ . In particular, since g˜([X, Y ], ξ) = g˜(X, ∇˜Y ξ) − g˜(Y , ∇˜Xξ) =
λ˜g˜(Y , X)− λ˜ g˜(X, Y ) = 0 for all X, Y ∈ Γ (Dϕ˜h˜(λ˜)), we have that Dϕ˜h˜(λ˜) deﬁnes a foliation on M . Moreover, dim(Dϕ˜h˜(λ˜)) = n
due to [11, Proposition 3.2]. Hence, being an n-dimensional integrable subbundle of the contact distribution, Dϕ˜h˜(λ˜) is
a Legendre foliation of M . Similar arguments work also for Dϕ˜h˜(−λ˜). In order to complete the proof, let us consider X ∈
Γ (Dϕ˜h˜(λ˜)) and Y ∈ Γ (Dϕ˜h˜(−λ˜)). Then, for any Z ∈ Γ (Dϕ˜h˜(λ˜)), g˜(∇˜X Y , Z) = −g˜(Y , ∇˜X Z) = 0, since ∇˜X Z ∈ Γ (Dϕ˜h˜(λ˜)⊕Rξ).
Hence ∇˜X Y ∈ Γ (Dϕ˜h˜(−λ˜)⊕Rξ). In the same way one proves that ∇˜Y X ∈ Γ (Dϕ˜h˜(λ˜)⊕Rξ). Finally we prove that the leaves
of Dϕh(λ˜) and Dϕh(−λ˜) are totally umbilical. Since for any X, X ′ ∈ Γ (Dϕh(λ˜)) ∇˜X X ′ ∈ Γ (Dϕh(λ˜)⊕Rξ), B(X, X ′) is a section
of Rξ , where B denotes the second fundamental form. Actually B(X, X ′) = −λ˜g˜(X, X ′)ξ . Indeed by using (2.6) one has
g˜
(
B
(
X, X ′
)
, ξ
)= g˜(∇˜X X ′, ξ)= −g˜(X ′, ∇˜Xξ)= g˜(X ′, ϕ˜X)− λ˜g˜(X, X ′)= −λ˜g˜(X, X ′).
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similar. 
Remark 5.2. Notice that the foliations Dϕ˜h˜(λ˜) and Dϕ˜h˜(−λ˜) are not totally geodesic. In fact a straightforward computation
shows that, for all X, Y ∈ Γ (Dϕ˜h˜(±λ˜)), g˜(∇˜X Y , ξ) = −λ˜g˜(X, ϕ˜Y ), in general different from zero.
Now we ﬁnd the explicit expressions of the Pang invariants of the Legendre foliations Dϕ˜h˜(λ˜) and Dϕ˜h˜(−λ˜). The proof
is similar to that of Theorem 4.2 hence we omit it.
Theorem 5.3. The Pang invariants of the Legendre foliationsDϕ˜h˜(λ˜) andDϕ˜h˜(−λ˜) are given by
ΠD
ϕ˜h˜(λ˜)
= (μ˜ − 2)g˜∣∣D
ϕ˜h˜(λ˜)×Dϕ˜h˜(λ˜), (5.3)
ΠD
ϕ˜h˜(−λ˜) = (μ˜ − 2)g˜
∣∣D
ϕ˜h˜(−λ˜)×Dϕ˜h˜(−λ˜). (5.4)
Proposition 5.4. In any paracontact (κ˜, μ˜)-manifold such that κ˜ < −1 one has
(∇˜X ϕ˜h˜)Y =
(
(1+ κ˜)g˜(X, Y ) − g˜(h˜X, Y ))ξ + η(Y )h˜(h˜X − X) − μ˜η(X)h˜Y . (5.5)
Proof. Let {X1, . . . , Xn, Y1, . . . , Yn, ξ} be a ϕ˜-basis as in Lemma 3.11. By using Theorem 5.1 we have, for any X, Y ∈
Γ (Dϕ˜h˜(λ˜)),
ϕ˜h˜∇˜X Y = ϕ˜h˜
(
−
r∑
i=1
g˜(∇˜X Y , Xi)Xi +
n∑
i=r+1
g˜(∇˜X Y , Xi)Xi + g˜(∇˜X Y , ξ)ξ
)
= −λ˜
n∑
i=1
g˜(∇˜X Y , Xi)Xi + λ˜
n∑
i=r+1
g˜(∇˜X Y , Xi)Xi
= λ˜∇˜X Y − λ˜g˜(∇˜X Y , ξ)ξ
= ∇˜X ϕ˜h˜Y − λ˜g˜(∇˜X Y , ξ)ξ.
It follows that
(∇˜X ϕ˜h˜)Y = −λ˜g˜(Y , ∇˜Xξ)ξ = −λ˜g˜(Y ,−ϕ˜X + ϕ˜h˜X)ξ = −λ˜2 g˜(X, Y )ξ. (5.6)
Now, let us consider X ∈ Γ (Dϕ˜h˜(λ˜)) and Y ∈ Γ (Dϕ˜h˜(−λ˜)). Arguing as in the previous case, one ﬁnds
(∇˜X ϕ˜h˜)Y = (∇˜Y ϕ˜h˜)X = −λ˜g˜(X, ϕ˜Y )ξ. (5.7)
Finally, for any X, Y ∈ Γ (Dϕ˜h˜(−λ˜)) one has
(∇˜X ϕ˜h˜)Y = −λ˜2 g˜(X, Y )ξ. (5.8)
Then (5.5) follows from (3.6), (5.6)–(5.8). 
Corollary 5.5. In any paracontact (κ˜, μ˜)-manifold such that κ˜ = −1 one has
(∇˜X h˜)Y = −
(
(1+ κ˜)g˜(X, ϕ˜Y ) + g˜(X, ϕ˜h˜Y ))ξ + η(Y )ϕ˜h˜(h˜X − X) − μ˜η(X)ϕ˜h˜Y . (5.9)
Proof. If κ˜ > −1, (5.9) is just (4.6) and there is nothing to prove. Next, if κ˜ < −1, as (∇˜X h˜)Y = (∇˜X ϕ˜)ϕ˜h˜Y + ϕ˜(∇˜X ϕ˜h˜)Y ,
the assertion follows directly from (3.4) and (5.5). 
Even if the Legendre foliations Dϕ˜h˜(±λ˜) are not totally geodesic and thus many properties are missing compared to the
case κ˜ > −1, also in this case we can ﬁnd an interesting relationship with contact Riemannian structures. We have in fact
the following result.
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structure (φ, ξ,η, g) given by
φ := ± 1√−1− κ˜ h˜, g := −dη(·, φ·) + η ⊗ η, (5.10)
where the sign± depends on the positive or negative deﬁniteness of the paracontact (κ˜, μ˜)-manifold. Moreover, (φ, ξ,η, g) is a contact
metric (κ,μ)-structure, where
κ = κ˜ + 2−
(
1− μ˜
2
)2
, μ = 2.
Proof. Let us deﬁne a (1,1)-tensor ﬁeld φ and a tensor g of type (0,2) by (5.10). First of all, using (3.2), one can easily
prove that φ2 = −I + η ⊗ ξ . Next we prove that g is a Riemannian metric. By using the symmetry of the operator ϕ˜h˜ with
respect to g˜ , one has, for any X, Y ∈ Γ (TM),
g(X, Y ) = ∓ 1√−1− κ˜ dη(X, h˜Y ) + η(X)η(Y )
= ∓ 1√−1− κ˜ g˜(X, ϕ˜h˜Y ) + η(X)η(Y )
= ∓ 1√−1− κ˜ g˜(ϕ˜h˜X, Y ) + η(X)η(Y )
= g(Y , X),
so that g is symmetric. In order to prove that it is also positive deﬁnite, let us consider a ϕ˜-basis {X1, . . . , Xn, Y1, . . . , Yn, ξ}
as in Lemma 3.11. Then we have that g(ξ, ξ) = 1, g˜(Xi, Xi) = ∓ 1√−1−κ˜ g˜(Xi, ϕ˜h˜Xi) = ∓
1√−1−κ˜ λ˜g˜(Xi, Xi) = ∓g˜(Xi, Xi) =
(∓1)(∓1) = 1 and g˜(Yi, Yi) = ∓ 1√−1−κ˜ g˜(Yi, ϕ˜h˜Yi) = ±g˜(Yi, Yi) = (±1)(±1) = 1. Finally one can straightforwardly check
that g(φX, φY ) = g(X, Y ) − η(X)η(Y ) and g(X, φY ) = dη(X, Y ). Thus (φ, ξ,η, g) is a contact Riemannian structure. In
order to prove that it satisﬁes a (κ,μ)-nullity condition, let us compute the operator h := 12Lξ φ = ± 12√−1−κ˜Lξ h˜. Notice
that, for all X ∈ Γ (TM),
(Lξ h˜)X = [ξ, h˜X] − h˜[ξ, X]
= ∇˜ξ h˜X − ∇˜h˜Xξ − h˜∇˜ξ X + h˜∇˜Xξ
= (∇˜ξ h˜)X −
(−ϕ˜h˜X + ϕ˜h˜2X)+ h˜(−ϕ˜X + ϕ˜h˜X)
= (2− μ˜)ϕ˜h˜X − 2(1+ κ˜)ϕ˜X . (5.11)
Consequently
h = ±
(
1− μ˜2√−1− κ˜ ϕ˜h˜ +
√
−1− κ˜ ϕ˜
)
.
We prove that h is diagonalizable. Note that the matrix of h with respect to the ϕ˜-basis {Xi, Yi, ξ} is given by
±
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1− μ˜2 · · · 0
√−1− κ˜ · · · 0 0
...
. . .
...
...
. . .
...
...
0 · · · 1− μ˜2 0 · · ·
√−1− κ˜ 0√−1− κ˜ · · · 0 −1+ μ˜2 · · · 0 0
...
. . .
...
...
. . .
...
...
0 · · · √−1− κ˜ 0 · · · −1+ μ˜2 0
0 · · · 0 0 · · · 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Thus the characteristic polynomial is given by P (λ) = ∓λ(λ2 − (1 − μ˜2 )2 + κ˜ + 1)n and h admits the eigenvalues 0 and
±
√
(1− μ˜2 )2 − 1− κ˜ . After a long computation, one can prove that the corresponding eigendistributions are Dh(0) = Rξ ,
and
Dh(λ) = span{X1 + αY1, . . . , Xn + αYn}, Dh(−λ) = span{X1 − βY1, . . . , Xn − βYn},
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λ˜
√
(1− μ˜2 )2 − 1− κ˜ − 1λ˜ (1−
μ˜
2 ) and β := 1λ˜
√
(1− μ˜2 )2 − 1− κ˜ + 1λ˜ (1−
μ˜
2 ). Hence one can easily conclude that h
is diagonalizable. Next, we prove that Dh(λ) and Dh(−λ) are Legendre foliations. Taking Theorem 5.1 into account, we can
write ∇˜Xi X j =
∑n
k=1 f ki j Xk + g˜(∇˜Xi X j, ξ)ξ and ∇˜Yi X j =
∑n
k=1 gki j Xk + g˜(∇˜Yi X j, ξ)ξ , for some functions f ki j , gki j . Then one
ﬁnds
∇˜Xi Y j = ∇˜Xi ϕ˜X j = ϕ˜∇˜Xi X j − g˜(Xi − h˜Xi, X j)ξ =
n∑
i=1
f ki jYk − δi jξ
and, analogously, ∇˜Yi Y j =
∑n
i=1 gki jYk − λ˜δi jξ . Notice that g˜(∇˜Xi X j, ξ) = −g˜(X j, ∇˜Xi ξ) = −g˜(X j,−ϕ˜Xi + ϕ˜h˜Xi) = −λ˜δi j and
g˜(∇˜Xi X j, ξ) = δi j . After a straightforward computation one can get
∇˜Xi+αYi (X j + αY j) =
n∑
k=1
((
f ki j + αgki j
)
(Xk + αYk)
)− λ˜(1− α2)δi jξ.
Then
[Xi + αYi, X j + αY j] = ∇˜Xi+αYi (X j + αY j) − ∇˜X j+αY j (Xi + αYi)
=
n∑
k=1
(
f ki j − f kji + α
(
gkik − gkji
))
(Xk + αYk),
consequently Dh(λ) is involutive. In a similar way one proves the integrability of Dh(−λ). Moreover, for any X ∈ Γ (Dh(±λ)),
η(X) = ± 1
λ
η(hX) = 0. Being n-dimensional integrable subbundles of the contact distribution, Dh(λ) and Dh(−λ) are Leg-
endre foliations. In order to prove that (M,ϕ, ξ,η, g) is a contact metric (κ,μ)-space, we show that the bi-Legendrian
structure (Dh(λ),Dh(−λ)) satisﬁes the hypotheses of Theorem 2.5. First, due to the property φh = −hφ, we have that Dh(λ)
and Dh(−λ) are conjugate Legendre foliations, that is φDh(±λ) =Dh(∓λ). Let us consider the bi-Legendrian connection ∇bl
associated to (Dh(λ),Dh(−λ)). By deﬁnition of bi-Legendrian connection, ∇bl satisﬁes (i) and (iii) of Theorem 2.5. Moreover,
∇blη = ∇bldη = 0 and, since ∇bl preserves Dh(±λ), also ∇blh = 0. It remains to prove that ∇bl preserves the tensor ﬁeld φ
and is a metric connection. Notice that, by virtue of [9, Proposition 2.9], in order to prove that ∇blφ = 0 and ∇bl g = 0, it is
enough to show that Dh(±λ) are totally geodesic foliations (with respect to g). Let ∇ be the Levi-Civita connection of g
and X, X ′ ∈ Γ (Dh(λ)), Y ∈ Γ (Dh(−λ)). As g = ∓ 1
λ˜
g˜(·, ϕ˜h˜·) + η ⊗ η, after a very long computation one can get
g
(∇X X ′, Y )= − 2λ
2− μ˜ g˜
(∇˜X X ′, Y )− 3λ˜
2− μ˜d
2η
(
X, X ′, Y
)
− 1
2λ˜
(
X
(
dη
(
X ′, h˜Y
))+ X ′(dη(X, h˜Y ))+ dη([X, X ′], h˜Y )). (5.12)
Since h˜ maps Dh(±λ) onto Dh(∓λ) and due to Theorem 5.1, (5.12) implies that g˜(∇X X ′, Y ) = 0. Moreover, g(∇X X ′, ξ) =
−g(X ′,∇Xξ) = −g(X ′,−φX − φhX) = (1 + λ)g(X ′, φX) = 0. Thus Dh(λ) is totally geodesic and in a similar way one can
prove that also Dh(−λ) is totally geodesic. It follows that the bi-Legendrian connection ∇bl preserves g and φ. Therefore
all the assumptions of Theorem 2.5 are satisﬁed and we conclude that (φ, ξ,η, g) is a contact metric (κ,μ)-structure.
It remains to ﬁnd explicitly κ and μ. We have immediately that κ = 1 − λ2 = κ˜ + 2 − (1 − μ˜2 )2. In order to ﬁnd μ, notice
that by [5, (3.19)], one has
(∇ξh)X = μhφX = μ
((
μ˜
2
− 1
)
ϕ˜X + ϕ˜h˜X
)
, (5.13)
for all X ∈ Γ (TM). On the other hand, by using (2.3) and the relation h2 = (κ − 1)φ (cf. [5]), we have
(∇ξh)X = ∇hXξ + [ξ,hX] − h∇Xξ − h[ξ, X]
= −2φhX − 2φh2X + (Lξh)X
= −2φhX − 2(1− κ)φX + (Lξh)X . (5.14)
But, due to (5.11),
(Lξh)X = ±
(
2− μ˜
2
√−1− κ˜ (Lξ ϕ˜)h˜X +
2− μ˜
2
√−1− κ˜ ϕ˜(Lξ h˜)X + λ˜(Lξ ϕ˜)X
)
= ±
(
2− μ˜√−1− κ˜ h˜
2 + (2− μ˜)
2
2
√−1− κ˜ ϕ˜
2h˜X +
√
−1− κ˜(2− μ˜)ϕ˜2X + 2λ˜h˜X
)
= ±
(
(2− μ˜)2√ + 2
√
−1− κ˜
)
h˜X . (5.15)2 −1− κ˜
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(∇ξh)X = −2φhX − 2(1− κ)φX ±
(
(2− μ˜)2√−1− κ˜ + 2
√
−1− κ˜
)
h˜X, (5.16)
where the sign ± depends on the positive or negative deﬁniteness of the paracontact (κ˜, μ˜)-manifold (M, ϕ˜, ξ, η, g˜). Thus
comparing (5.13) with (5.16) we obtain μ = 2 both in the positive and in the negative deﬁnite case. 
Remark 5.7. Notice that, since κ˜ < −1, in this case we cannot perform a construction analogous to that one described in
Remark 4.9.
We now pass to study the curvature properties of a paracontact (κ˜, μ˜)-manifold with κ˜ < −1. We start observing
that (4.29) holds also in the case κ˜ < −1 since its proof only needs the expression of the covariant derivative of h˜, which is
the same in the cases κ˜ < −1 and κ˜ > −1 (cf. (4.6) and (5.9)). Moreover, by combining (3.29) with (5.9) we get
R˜ XY ϕ˜ Z − ϕ˜ R˜ XY Z =
(
η(Y )g˜
(
(1+ κ˜)ϕ˜X + (μ˜ − 1)ϕ˜h˜X, Z)− η(X)g˜((1+ κ˜)ϕ˜Y
+ (μ˜ − 1)ϕ˜h˜Y , Z))ξ − η(Y )η(Z)((1+ κ˜)ϕ˜X + (μ˜ − 1)ϕ˜h˜X)
+ η(X)η(Z)((1+ κ˜)ϕ˜Y + (μ˜ − 1)ϕ˜h˜Y )
+ g˜(Y − h˜Y , Z)ϕ˜(X − h˜X) − g˜(X − h˜X, Z)ϕ˜(Y − h˜Y )
− g˜(ϕ˜(X − h˜X), Z)(Y − h˜Y ) + g˜(ϕ˜(Y − h˜Y ), Z)(X − X˜). (5.17)
From (4.29) and (5.17), using (3.2) and the properties of the operator h˜, it follows that
R˜ XY ϕ˜h˜ Z − ϕ˜h˜ R˜ XY Z = R˜ XY ϕ˜h˜ Z − ϕ˜ R˜ XY h˜Z + ϕ˜(R˜ XY h˜Z − h˜ R˜ XY Z)
= (η(Y )g˜((1+ 2κ˜)ϕ˜X + (μ˜ − 1)ϕ˜h˜X, h˜ Z)
− η(X)g˜((1+ 2κ˜)ϕ˜Y + (μ˜ − 1)ϕ˜h˜Y , h˜ Z))ξ
+ (g˜(Y − h˜Y , h˜ Z) − μ˜(1+ κ˜)η(Y )η(Z))ϕ˜X
− (g˜(X − h˜X, h˜ Z) − μ˜(1+ κ˜)η(X)η(Z))ϕ˜Y
− (g˜(Y − h˜Y , h˜ Z) + κ˜η(Y )η(Z))ϕ˜h˜X + (g˜(X − h˜X, h˜ Z) + κ˜η(X)η(Z))ϕ˜h˜Y
− (1+ κ˜)g˜(Y , ϕ˜ Z + ϕ˜h˜ Z)X + (1+ κ˜)g˜(X, ϕ˜ Z + ϕ˜h˜ Z)Y
+ g˜(Y , ϕ˜ Z + ϕ˜h˜ Z)h˜X − g˜(X, ϕ˜ Z + ϕ˜h˜ Z)h˜Y − 2μ˜g˜(X, ϕ˜Y )h˜ Z . (5.18)
We can prove now that also in the case κ˜ < −1 the (κ˜, μ˜)-nullity condition determines the curvature tensor ﬁeld
completely.
Theorem 5.8. Let (M, ϕ˜, ξ,η, g˜) be a paracontact metric (κ˜, μ˜)-manifold such that κ˜ < −1. Then the curvature tensor ﬁeld of M
satisﬁes the following relations:
R˜ X X ′ X
′′ = (κ˜ − 1+ μ˜)(g˜(X ′, X ′′)X − g˜(X, X ′′)X ′)+ λ˜(g˜(X ′, X ′′)ϕ˜X − g˜(X, X ′′)ϕ˜X ′), (5.19)
R˜ X X ′Y = −λ˜
(
g˜
(
X ′, ϕ˜Y
)
X − g˜(X, ϕ˜Y )X ′)− (1− μ˜)(g˜(X ′, ϕ˜Y )ϕ˜X − g˜(X, ϕ˜Y )ϕ˜X ′), (5.20)
R˜ XY X
′ = −λ˜g˜(X ′, ϕ˜Y )X − g˜(X ′, ϕ˜Y )ϕ˜X − λ˜2 g˜(X, X ′)Y + λ˜g˜(X, X ′)ϕ˜Y − μ˜g˜(X, ϕ˜Y )ϕ˜X ′, (5.21)
R˜ XY Y
′ = λ˜2 g˜(Y , Y ′)X + λ˜g˜(Y , Y ′)ϕ˜X + λ˜g˜(X, ϕ˜Y ′)Y − g˜(X, ϕ˜Y ′)ϕ˜Y − μ˜g˜(X, ϕ˜Y )ϕ˜Y ′, (5.22)
R˜Y Y ′ X = −λ˜
(
g˜
(
X, ϕ˜Y ′
)
Y − g˜(X, ϕ˜Y )Y ′)+ (1− μ˜)(g˜(X, ϕ˜Y ′)ϕ˜Y − g˜(X, ϕ˜Y )ϕ˜Y ′), (5.23)
R˜Y Y ′Y
′′ = (κ˜ − 1+ μ˜)(g˜(Y ′, Y ′′)Y − g˜(Y , Y ′′)Y ′)− λ˜(g˜(Y ′, Y ′′)ϕ˜Y − g˜(Y , Y ′′)ϕ˜Y ′) (5.24)
for any X, X ′, X ′′ ∈ Γ (Dϕ˜h˜(λ˜)) and Y , Y ′, Y ′′ ∈ Γ (Dϕ˜h˜(−λ˜)).
Proof. We prove (5.19) and (5.20), the remaining relations being analogous. First notice that, since Dϕ˜h˜(λ˜) and Dϕ˜h˜(−λ˜)
are not totally geodesic, R˜ X X ′Y has components along both Dϕ˜h˜(λ˜) and Dϕ˜h˜(−λ˜). Moreover it has no components along Rξ
because
g˜(R˜ X X ′Y , ξ) = −R˜
(
ξ, Y , X, X ′
)= −R˜(Y , ξ, X, X ′)= −g˜(R˜ X X ′ξ, Y )
= −g˜(κ˜(η(X ′)X − η(X)X ′)+ μ˜(η(X ′)h˜X − η(X)h˜X ′), Y )= 0.
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λ˜R˜ X X ′Y + ϕ˜h˜ R˜ X X ′Y = −g˜
(
X ′, h˜Y
)
ϕ˜X + g˜(X, h˜Y )ϕ˜X ′ + g˜(X ′, λ˜h˜Y + (1+ κ˜)ϕ˜Y )X
− g˜(X, λ˜h˜Y + (1+ κ˜)ϕ˜Y )X ′ − g˜(X ′, ϕ˜Y )h˜X + g˜(X, ϕ˜Y )h˜X ′.
Taking the inner product with any U ∈ Γ (Dϕ˜h˜(λ˜)) and using the symmetry of the operator ϕ˜h˜, we have
2λ˜g˜(R˜ X X ′Y ,U ) = g˜
(
X ′, λ˜h˜Y + (1+ κ˜)ϕ˜Y )g˜(X,U ) − g˜(X, λ˜h˜Y + (1+ κ˜)ϕ˜Y )g˜(X ′,U).
Now notice that h˜Y = − 1
λ˜
h˜ϕ˜h˜Y = 1
λ˜
ϕ˜h˜2Y = −λ˜ϕ˜Y . Hence the previous equations yields
g˜(R˜ X X ′Y ,U ) = λ˜g˜(X, ϕ˜Y )g˜
(
X ′,U
)− λ˜g˜(X ′, ϕ˜Y )g˜(X,U ). (5.25)
Arguing in a similar way one can prove that
g˜
(
R˜ XY X
′, V
)= g˜(X ′, ϕ˜Y )g˜(X, ϕ˜V ) + (1+ κ˜)g˜(X, X ′)g˜(Y , V ) + μ˜g˜(X, ϕ˜Y )g˜(X ′, ϕ˜V ) (5.26)
for all V ∈ Γ (Dϕ˜h˜(−λ˜)). Now let us consider a ϕ˜-basis {ei, ϕ˜ei, ξ}, i ∈ {1, . . . ,n}, as in Lemma 3.11. Note that by (5.26) we
have
g˜(R˜ X X ′Y , ϕ˜ei) = −g˜(R˜ X ′Y X, ϕ˜ei) + g˜
(
R˜ XY X
′, ϕ˜ei
)
= −g˜(Y , ϕ˜X)g˜(ϕ˜X ′, ϕ˜ei)− (1+ κ˜)g˜(X, X ′)g˜(Y , ϕ˜ei) + μ˜g˜(X ′, ϕ˜Y )g˜(ϕ˜X, ϕ˜ei)
+ g˜(Y , ϕ˜X ′)g˜(ϕ˜X, ϕ˜ei) + (1+ κ˜)g˜(X, X ′)g˜(Y , ϕ˜ei) − μ˜g˜(X, ϕ˜Y )g˜(ϕ˜X ′, ϕ˜ei)
= (μ˜ − 1)g˜(X, ϕ˜Y )g˜(X ′, ei)− (μ˜ − 1)g˜(X ′, ϕ˜Y )g˜(X, ei). (5.27)
Then, by using (5.25) and (5.27) we get
R˜ X X ′Y =
r∑
i=1
g˜(R˜ X X ′Y , ei)ei −
n∑
i=r+1
g˜(R˜ X X ′Y , ei)ei −
r∑
i=1
g˜(R˜ X X ′Y , ϕ˜ei)ϕ˜ei +
n∑
i=r+1
g˜(R˜ X X ′Y , ϕ˜ei)ϕ˜ei
= −λ˜g˜(X ′, ϕ˜Y )X + λ˜g˜(X, ϕ˜Y )X ′ − (1− μ˜)g˜(X ′, ϕ˜Y )ϕ˜X + (1− μ˜)g˜(X, ϕ˜Y )ϕ˜X ′.
In order to prove (5.19), we use (5.17) and we get, after a long computation,
R˜ X X ′ X
′′ = g˜(R˜ X X ′ X ′′, ξ)ξ + ϕ˜ R˜ X X ′ ϕ˜X ′′ − ϕ˜(g˜(X ′ − h˜X ′, X ′′)ϕ˜(X − h˜X)
− g˜(X − h˜X, X ′′)ϕ˜(X ′ − h˜X ′)− g˜(ϕ˜(X − h˜X), X ′′)(X ′ − h˜X ′)
+ g˜(ϕ˜(X ′ − h˜X ′), X ′′)(X − h˜X))
= (κ˜ − 1+ μ˜)g˜(X ′, X ′′)X + g˜(X ′, X ′′)h˜X − (κ˜ − 1+ μ˜)g˜(X, X ′′)X ′ − g˜(X, X ′′)h˜X ′. 
Corollary 5.9. Let (M, ϕ˜, ξ,η, g˜) be a paracontact metric (κ˜, μ˜)-manifold such that κ˜ < −1. Then its Riemannian curvature tensor R˜
is given by the following formula
g˜(R˜ XY Z ,W ) =
(
−1+ μ˜
2
)(
g˜(Y , Z)g˜(X,W ) − g˜(X, Z)g˜(Y ,W ))
+ g˜(Y , Z)g˜(h˜X,W ) − g˜(X, Z)g˜(h˜Y ,W )
− g˜(Y ,W )g˜(h˜X, Z) + g˜(X,W )g˜(h˜Y , Z)
+ −1+
μ˜
2
κ˜ + 1
(
g˜(h˜Y , Z)g˜(h˜X,W ) − g˜(h˜X, Z)g˜(h˜Y ,W ))
− μ˜
2
(
g˜(ϕ˜Y , Z)g˜(ϕ˜X,W ) − g˜(ϕ˜X, Z)g˜(ϕ˜Y ,W ))
+ −κ˜ −
μ˜
2
κ˜ + 1
(
g˜(ϕ˜h˜Y , Z)g˜(ϕ˜h˜X,W ) − g˜(ϕ˜h˜Y ,W )g˜(ϕ˜h˜X, Z))
+ μ˜g˜(ϕ˜X, Y )g˜(ϕ˜ Z ,W )
+ η(X)η(W )
((
κ˜ + 1− μ˜
)
g˜(Y , Z) + (μ˜ − 1)g˜(h˜Y , Z)
)
2
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((
κ˜ + 1− μ˜
2
)
g˜(Y ,W ) + (μ˜ − 1)g˜(h˜Y ,W )
)
+ η(Y )η(Z)
((
κ˜ + 1− μ˜
2
)
g˜(X,W ) + (μ˜ − 1)g˜(h˜X,W )
)
− η(Y )η(W )
((
κ˜ + 1− μ˜
2
)
g˜(X, Z) + (μ˜ − 1)g˜(h˜X, Z)
)
(5.28)
for all vector ﬁelds X, Y , Z , W on M.
Proof. We can decompose an arbitrary vector ﬁeld X on M uniquely as X = Xλ˜ + X−λ˜ +η(X)ξ , where Xλ˜ ∈ Γ (Dϕ˜h˜(λ˜)) and
X−λ˜ ∈ Γ (Dϕ˜h˜(−λ˜)). We then write R˜ XY Z as a sum of terms of the form R˜ X±λ˜Y±λ˜ Z±λ˜ , R˜ XY ξ , R˜ Xξ Z . Then by Theorem 5.8,
and taking into account that, in fact
Xλ˜ =
1
2
(
X − η(X)ξ + 1√−1− κ˜ ϕ˜h˜X
)
, X−λ˜ =
1
2
(
X − η(X)ξ − 1√−1− κ˜ ϕ˜h˜X
)
,
we obtain (5.28). 
Remark 5.10. We point out that the surprising fact that formula (5.28) is the same as (4.43), tough the cases κ˜ < −1 and
κ˜ > −1 are geometrically very different from each other.
Corollary 5.11. Let (M, ϕ˜, ξ,η, g˜) be a paracontact (κ˜, μ˜)-manifold such that κ˜ < −1. Then for any X ∈ Γ (D) the ξ -sectional
curvature K˜ (X, ξ) is constant and is given by K˜ (X, ξ) = κ˜ . Moreover, the sectional curvature of plane sections normal to ξ is given by
K˜
(
X, X ′
)= K˜ (Y , Y ′)= κ˜ − 1+ μ˜,
K˜ (X, Y ) = λ˜2 − (μ˜ + 1) g˜(X, ϕ˜Y )
2
g˜(X, X)g˜(Y , Y )
for any X, X ′ ∈ Γ (Dϕ˜h˜(λ˜)) and Y , Y ′ ∈ Γ (Dϕ˜h˜(−λ˜)).
Using Theorem 5.8, (3.3) and (3.37), one can easily prove the following result.
Corollary 5.12. In any (2n + 1)-dimensional paracontact (κ˜, μ˜)-manifold (M, ϕ˜, ξ,η, g˜) such that κ˜ < −1, the Ricci operator Q˜ is
given by
Q˜ = (2(1− n) + nμ˜)I + (2(n + 1) + μ˜)h˜ + (2(n − 1) + n(2κ˜ − μ˜))η ⊗ ξ.
In particular (M, g˜) is η-Einstein if and only if μ˜ = 2(1− n), Einstein if and only if κ˜ = 1−n2n and μ˜ = 2(1− n).
Remark 5.13. We point out that, according to Corollary 5.12, if κ˜ < −1, there exist Einstein paracontact (κ˜, μ˜)-manifolds
also in dimension greater than 3. This is a relevant difference with respect to the case κ˜ > −1 (cf. Corollary 4.14) and,
moreover, with respect to the contact metric case.
We conclude with an example of paracontact (κ˜, μ˜)-manifold such that κ˜ < −1.
Example 5.14. Let g be the Lie algebra with basis {e1, e2, e3, e4, e5} and non-zero Lie brackets
[e1, e5] = αβe1 + αβe2, [e2, e5] = αβe1 + αβe2,
[e3, e5] = −αβe3 + αβe4, [e4, e5] = αβe3 − αβe4,
[e1, e2] = αe1 + αe2, [e1, e3] = βe2 + αe4 − 2e5, [e1, e4] = βe2 + αe3,
[e2, e3] = βe1 − αe4, [e2, e4] = βe1 − αe3 + 2e5, [e3, e4] = −βe3 + βe4
where α, β are non-zero real numbers such that αβ > 0. Let G be a Lie group whose Lie algebra is g. Deﬁne on G a left
invariant paracontact metric structure (ϕ˜, ξ,η, g˜) by imposing that, at the identity, g˜(e1, e1) = g˜(e4, e4) = −g˜(e2, e2) =
−g˜(e3, e3) = g˜(e5, e5) = 1, g˜(ei, e j) = 0 for any i = j, and ϕ˜e1 = e3, ϕ˜e2 = e4, ϕ˜e3 = e1, ϕ˜e4 = e2, ϕ˜e5 = 0, ξ = e5 and
η = g(·, e5). A very long but straightforward computation shows that
B. Cappelletti Montano et al. / Differential Geometry and its Applications 30 (2012) 665–693 693∇˜e1ξ = αβe1 − ϕ˜e1, ∇˜e2ξ = αβe2 − ϕ˜e2, ∇˜ϕ˜e1ξ = −e1 − αβϕ˜e1, ∇˜ϕ˜e2ξ = −e2 − αβϕ˜e2,
∇˜ξ e1 = −αβe2 − ϕ˜e1, ∇˜ξ e2 = −αβe1 − ϕ˜e2, ∇˜ξ ϕ˜e1 = −e1 − αβϕ˜e2, ∇˜ξ ϕ˜e2 = −e2 − αβϕ˜e1,
∇˜e1e1 = αe2 − αβe5, ∇˜e1e2 = αe1, ∇˜e1 ϕ˜e1 = αϕ˜e2 − e5, ∇˜e1 ϕ˜e2 = αϕ˜e1,
∇˜e2e1 = −αe2, ∇˜e2e2 = −αe1 + αβe5, ∇˜e2 ϕ˜e1 = −αϕ˜e2, ∇˜e2 ϕ˜e2 = −αϕ˜e1 + e5,
∇˜ϕ˜e1e1 = −βe2 + e5, ∇˜ϕ˜e1e2 = −βe1, ∇˜ϕ˜e1 ϕ˜e1 = −βϕ˜e2 − αβe5, ∇˜ϕ˜e1 ϕ˜e2 = −βϕ˜e1,
∇˜ϕ˜e2e1 = −βe2, ∇˜ϕ˜e2e2 = −βe1 − e5, ∇˜ϕ˜e2 ϕ˜e1 = −βϕ˜e2, ∇˜ϕ˜e2 ϕ˜e2 = −βϕ˜e1 + αβe5,
where λ˜ = αβ and μ˜ = 2. Then one can prove that the curvature tensor ﬁeld of the Levi-Civita connection of (G, g˜) satisﬁes
the (κ˜, μ˜)-nullity condition (3.1), with κ˜ = −1− (αβ)2 and μ˜ = 2.
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